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Dictionary learning has been extensively studied in sparse representations. However, existing dictionary
learning algorithms are developed mainly for standard matrices (i.e. matrices with scalar elements), and
little attention has been paid to polynomial matrices, despite their wide use for describing convolutive
signals or for modeling acoustic channels in room and underwater acoustics. In this paper, we propose a
polynomial dictionary learning technique to deal with signals with time delays. We present two types of
polynomial dictionary learning methods based on the fact that a polynomial matrix can be represented
either as a polynomial of matrices (i.e. the coefficient in the polynomial corresponding to each time lag
is a scalar matrix) or equally as a matrix of polynomial elements (i.e. each element of the matrix is a
polynomial). The first method allows one to extend any state-of-the-art dictionary learning method to
the polynomial case; and the second method allows one to directly process the polynomial matrix with-
out having to access its coefficient matrices. A sparse coding method is also presented for reconstructing
convolutive signals based on a polynomial dictionary. Simulations are provided to demonstrate the per-
formance of the proposed algorithms, e.g. for polynomial signal reconstruction from noisy measurements.

© 2017 Published by Elsevier B.V.

1. Introduction

Dictionary learning has been widely used in many applications,
such as signal denoising [1,2], source separation [3-6], and im-
age super-resolution [7]. Several algorithms have been proposed
for this problem, such as method of optimal directions (MOD) [8],
K-SVD [9], and simultaneous codeword optimization (SimCO) [10],
often with a two-stage process alternating between sparse cod-
ing and dictionary update. The sparse coding step aims to find the
sparse coefficient matrix of a signal for a given dictionary using al-
gorithms, such as matching pursuit (MP) [11], the least absolute
shrinkage and selection operator (LASSO) [12], focal underdeter-
mined system solver (FOCUSS) [13], orthogonal least squares (OLS)
[14-16], and orthogonal matching pursuit (OMP) [17-28]. The dic-
tionary update step aims to revise the dictionary at the current it-
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eration to better fit the training signals with the sparse coefficient
matrix obtained from the previous iteration.

Although the conventional dictionary learning methods have
been studied extensively, they cannot be applied directly to deal
with signals with time delays, such as acoustic impulse responses,
and reverberant (convolutive) signals. Such signals are often de-
scribed with polynomials or polynomial matrices, and encountered
widely in digital signal processing and communications [29], e.g.
for convolutive mixing [30] and multiple-input multiple-output
(MIMO) channel modeling [31]. For example, an element of a poly-
nomial matrix can be used to denote a finite impulse response
(FIR) filter, e.g. in a MIMO system [31,32].

In this paper, we present a polynomial dictionary learning tech-
nique to deal with signals with time delays, where two types of
polynomial dictionary learning methods are proposed based on
how a polynomial matrix is represented. A polynomial matrix can
be expressed in terms of the polynomial of matrices model or the
matrix of polynomials model [30,33]. The first method is proposed
based on the polynomial of matrices model, for which the poly-
nomial dictionary learning problem can be converted to a conven-
tional dictionary learning problem by concatenating the coefficient
matrices of the polynomial matrix [34]. This allows the conven-
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tional dictionary learning methods (e.g. K-SVD, MOD, and SimCO)
to be used to solve the polynomial dictionary learning problem.
Even though this method can be used in dictionary learning for
signals with time delays, it cannot be applied directly to the poly-
nomial matrix (i.e. a matrix of polynomial elements). The sec-
ond method, on the other hand, is proposed based on the matrix
of polynomials model, where an idea similar to the conventional
MOD algorithm is applied to the polynomial case. It has an advan-
tage where dictionary learning can be directly performed on the
polynomial matrices without having to first resort to their coeffi-
cient matrices as in the polynomial of matrices model. In addition,
we present a polynomial OMP method by extending the conven-
tional OMP to the polynomial case as a byproduct to calculate the
representation coefficients for signal reconstruction.

The proposed polynomial dictionary learning technique can be
used for modeling acoustic impulse responses, thereby having po-
tential applications in e.g. denoising, dereverberation, deconvolu-
tion, and channel shortening of acoustic impulse responses. Each
element of the polynomial matrix can be seen as an FIR filter, and
the atoms in the learned dictionary also represent FIR filters. As
a result, the polynomial dictionary, which is learned from a set
of acoustic impulse responses, can provide an overall description
of the acoustic environment. In this paper, we demonstrate the
performance of the proposed polynomial dictionary learning algo-
rithms for acoustic impulse response modeling and denoising.

The remainder of the paper is organized as follows:
Section2 briefly introduces the background of conventional
dictionary learning and polynomial matrices; Section3 presents
the proposed polynomial dictionary learning methods in detail;
Section4 evaluates the performance of the proposed algorithms,
using simulations and experiments on acoustic impulse response
modeling and denoising; and Section5 concludes the paper and
discusses potential future work.

2. Background
2.1. Dictionary learning

Dictionary learning aims to learn a dictionary with a set of
training signals, so that each training signal can be represented by
a small number of atoms chosen from the dictionary. Typically, this
can be modeled as

Y = DX, (1)

where YeR™N s the set of training signals {y;}}, De

R™K (n«K) is the overcomplete dictionary containing K atoms

{d,-}f=1 e R", and X € R¥*N is the sparse representation matrix.
To find the dictionary, the following optimization problem is of-

ten considered
min|Y — DX||2
nin|Y - DX|I?

_ (2)
subject to Vi,

xillo < .

where x; is the ith column of the matrix X, ||.||o denotes the num-
ber of nonzero entries in the argument, and « controls the spar-
sity level, i.e. the maximum number of the nonzero entries in
each column. The Frobenius norm (F-norm) is defined as |M||f =

ZZMIZJ where Mj; is the (i, j)th element of M.
i

The above optimization problem is usually solved using a two-
step iterative process, alternating between sparse coding and dic-
tionary update. In the sparse coding step, given the observation
matrix Y and the dictionary matrix D, X is estimated, subject to
the constraint that each column of X is sparse (in the level of «).
In the dictionary update step, the dictionary matrix D is calculated

based on the set of training signals {yi}?’:1 within Y, and the sparse

coefficient matrix X obtained in the previous step. This process is
iterated until a pre-defined stopping criterion is met. Examples of
such algorithms include MOD [8], K-SVD [9], and SimCO [10]. These
algorithms, however, are designed only for scalar dictionary matri-
ces. They are not directly applicable to polynomial matrices that
are widely used for representing signals with time lags, such as
acoustic impulse response or convolutive signals, as discussed next.

2.2. Polynomial matrices

Polynomial matrices have been widely used for describing
transfer functions in MIMO systems [35], e.g. the collection of
multiple-path channel impulse responses from the sources to the
sensors. In an acoustic system, the polynomial matrix can be used
to model the acoustic impulse responses, with each element of the
polynomial matrix representing an FIR filter, which can be a seg-
ment of the impulse responses with relative short time lags.

A polynomial matrix can be represented using either a polyno-
mial of matrices model (a polynomial whose coefficients are ma-
trices), or a matrix of polynomials model (i.e. a matrix whose el-
ements are polynomials). More specifically, for a p x ¢ polynomial
matrix A(z), we have

L1
A@) =) AWz
¢=0

an @) ap(2) am@ 3)
a (2) s
a1 (2) a0 (2)

where A(¢) e CP*4 is the coefficient matrix of z=¢, which denotes
the impulse response at time lag ¢, and L is the maximum time
lag of each polynomial. Note that, L is set to be a positive integer
here, however, the model can be easily extended for a negative L.
In this paper, the polynomial matrix, e.g., A(z), is denoted in italic
font to avoid confusion with its coefficient matrix, e.g., A(¢), which
we denote in normal font. We can see from (3) that A(z) can be
expressed as a sum of terms with weights z=¢ and coefficient ma-
trices A(¢), £=0,..., L—1, or alternatively expressed as a matrix
whose elements are polynomials. The (i, j)th element of A(2), a;i(2),
can be expressed as

L-1
aij (Z) = ZCIU (@)Z_g, (4)
=0

where the coefficient a;;(¢) can be seen as the magnitude of the
(i, j)th impulse response at time lag ¢. The F-norm of A(z) can be
defined as follows

p g L-1

ZZZ|G:‘1‘(@)|2~ (5)

i=1 j=1¢=0

lA@)IF =

Note that, setting the filters in (3) to be the same length is
mainly for the convenience of modeling and algorithmic imple-
mentation. In practice, for the FIR filters a;(z) that have different
lengths, one can set all the elements a;(z) to be the same length
with zero padding, i.e. setting the coefficients of the high-order
taps of the shorter filters to be zeros.

There are several algorithms that have already been proposed
for polynomial matrix decomposition, such as polynomial eigen-
value decomposition [35,36] and polynomial singular value decom-
position [30,32,37]. However, no algorithms have yet been pre-
sented for polynomial matrix decomposition in a sparse represen-
tation context, which is our focus in this paper, as discussed next.
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3. Polynomial dictionary learning
3.1. Proposed model

Based on the conventional dictionary learning model (1), we
propose a polynomial dictionary learning model [34] as follows

Y (z) = D(2)X, (6)

where the polynomial matrix Y (z) € R™N contains the signals
(e.g. acoustic impulse responses) to be represented, D(z) € R™K
is the polynomial dictionary matrix with polynomial atoms, and
X € RN is the sparse representation coefficient matrix of Y(z).

Similar to conventional dictionary learning, the aim here is to
find a suitable polynomial dictionary D(z) for sparse representation
of the “signals” denoted as polynomials Y(z), such as

. 2
l;‘g])[}(“Y(Z) _D(Z)X”F (7)

subject to Vi, ||X;|lo <k,

3.2. Polynomial dictionary learning based on the polynomial of
matrices model

In this section, we present a polynomial dictionary learning al-
gorithm based on the optimization of (7) and using the polynomial
of matrices model. To this end, as in our preliminary work [34],
we can convert the polynomial model (6) to a conventional dictio-
nary learning model [34]. As a result, any state-of-the-art dictio-
nary learning methods could be used to address the optimization
problem in (7).

According to equation (3), (6) can be rewritten as

L-1 L-1
YY)z =) D)z X, (8)
=0 =0

where Y(¢) e RN and D(¢) e R™K are the coefficient matrices
of the polynomial matrices Y(z) and D(z) at lag ¢, respectively.
Y(¢) can be seen as the impulse responses at lag ¢. For any ¢ e
{o,..., L — 1}, Y(¢) takes the same linear combination of the atoms
in its corresponding D(¢), and X is the sparse representation matrix
for all these D(¢)s, i.e.

Y(¢) =D(O)X, (9)

which means the coefficient matrices of Y(z) at all the time lags
can be represented as the linear combination of the coefficient ma-
trices of D(z) at their corresponding lags ¢ with the same sparse
representation matrix X. Therefore, (6) can be further rewritten as

Y =DX, (10)

where Y € RN and D € R™>K are defined by concatenating the
coefficient matrices of Y(z) and D(z) at all the time lags, respec-
tively, as

Y=[Y(O);...;Y(®);...;Y(L-1)], (11)

D=[D(0);...;D(¢);...;D(L-1)]. (12)

As a result, the polynomial dictionary learning model (6) is
converted to the conventional dictionary learning model (10).
Therefore, the polynomial dictionary learning optimization prob-
lem (7) can be rewritten as

min||Y — DX||?
DX (13)
subject to Vi,

xillo < .

where the new dictionary D is overcomplete, and it can be learned
by many state-of-the-art dictionary learning methods. Usually, an

alternating optimization strategy is employed to solve (13), by it-
eratively updating the dictionary and sparse coefficients. Assum-
ing the dictionary is fixed, the sparse representation matrix X can
be calculated by optimizing the following equation using methods
such as OMP or FOCUSS [13]
min||Y — DX||?

X (14)
subject to Vi, ||x;|lo <k,

In [34], the K-SVD algorithm is employed to learn the dictio-
nary D. Here, we assume d,, is the kth column of D, and x’; con-
tains its corresponding coefficients from the kth row of Xq , and
) is the set of indices indicating which atom d; should be used
for representing Y. Then d;, and x’; can be updated by optimizing
the following cost
min| [y — dix7 |17, (15)
d;xk
where E; :XQK - Yz 4;jX;q, denotes Fhe. error matrix in which
the kth atom is removed, and the optimization of (15) can be
seen as a rank-1 matrix approximation problem, so that SVD can
be used for the decomposition of E; to minimize (15). The ex-
tended K-SVD algorithm for polynomial dictionary learning is given
in Algorithm 1.

Algorithm 1 Extended K-SVD.

Input: Signal matrix Y (z), sparsity «, the number of iterations I,
Output: D and X
Polynomial Matrix Conversion:

-1
Convert Y(z) = 3 Y(¢)z* to a scalar matrix Y, using (11).
=0

Initialization: D = Y(:, 1 : K).
Iterations:
forn=1,....I
Sparse Coding:
Calculate sparse representations by using conventional OMP
to solve (14).
Dictionary Update:
fork=1,..-- K
Define the set of indices 2, by finding the relevant ele-
ments in Y which use atom d,.
Calculate E, = Yo - Zl d;X; 0,
J#k

Update the dictionary atom and its corresponding sparse
representation coefficient by using the SVD decomposition
to minimize (15), as (d;. X¥) = SVD(E;).
end for
end for

Alternatively, D can also be learned by using other methods
such as MOD [8]. Assuming X(™ is the sparse representation matrix
obtained at the nth iteration, the dictionary can then be obtained

by solving the following optimization problem
D™V = argmin||Y — DX™|2, (16)
D

where (16) can be seen as a least-squares problem, therefore the
dictionary can be updated in terms of MOD as

D(n+1) _ Xx(ﬂ)T(X(")X(mT)J. (17)

The dictionary D can be obtained when the algorithm converges.
The extended MOD algorithm is summarized in Algorithm 2.

Finally, D(z) can be obtained from D with a reverse operation of
(12), and Y can be reconstructed using X obtained by applying the
OMP algorithm, as

i:[?(0);..,;?(E);...;?(L—l)], (18)
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Algorithm 2 Extended MOD.
Input: signal matrix Y (z), sparsity «, number of iterations I
Output: D and X

Polynomial Matrix Conversion:

-1
Convert Y (z) = 3" Y(¢)z~* to scalar matrix Y, using (11).

=0
Initialization: D =Y(:, 1: K).
Iterations:

forn=1,...,I

Sparse Coding:

Calculate sparse representations by using conventional OMP

to solve (14).

Polynomial Dictionary Update:

Update the polynomial dictionary by solving (16), using (17).
end for

where Y(¢) is the coefficient matrix of the reconstructed polyno-
mial matrix ¥ (z) at lag ¢, where ¢ € {0, ..., L — 1}. With a reverse
operation to equation (11), we can obtain the coefficient matrix
Y(¢) of the reconstructed polynomial matrix ¥ (z) at each time lag
¢. Finally, Y () can be obtained by employing (3) and (18).

Note that, D can also be learned by using other state-of-the-art
dictionary learning methods based on our proposed model (10). In
this paper, both K-SVD and MOD are extended to the polynomial
case, hence they are here named extended K-SVD and extended
MOD, respectively.

3.3. Polynomial dictionary learning based on the matrix of
polynomials model

In this section, we present another polynomial dictionary learn-
ing method by directly operating on D(z) and Y(z) based on the
matrix of polynomials model. This (partially) avoids the process for
converting the polynomial model to a conventional model.

To demonstrate the concept, we employ the same strategy as
that in the conventional MOD algorithm. Given X(") obtained at the
nth iteration, and the “signal” Y(z), where X("™ is calculated by us-
ing the same method as in Section 3.2, then D(z) can be updated
by optimizing the following cost function,

D(z)™" = argmin||Y (z) - D(2)X™||2. (19)
D(2)

Similar to (16), (19) can be solved by extending (17) to the polyno-
mial case, leading to
-1

D)™ =y )x™' (xmx™Ty (20)

With (20), the polynomial dictionary is updated directly rather
than operating on the polynomial coefficient matrices as in the
methods described in Section 3.2. According to (19) and (20), the
proposed polynomial MOD (PMOD) algorithm is summarized in
Algorithm 3.

Algorithm 3 Polynomial MOD.

Input: signal matrix Y (z), sparsity «, the number of iterations I,
Output: D(z) and X
Initialization: D(z)©® =Y (2)(:,1: K).
Iterations:
forn=1,....I
Sparse Coding:
Calculate sparse representations by using conventional OMP
to solve (14).
Polynomial Dictionary Update:
Update the polynomial dictionary by solving (19), using (20).
end for

The dictionary learned by the PMOD algorithm will be com-
pared with the extended MOD in Section 4.

3.4. Polynomial sparse representation

In this section, we aim to find the sparse representation X of
polynomial matrix Y(z) modeled signals, given the polynomial dic-
tionary D(z), based on the polynomial dictionary learning model
(6). Here, D(z) can be obtained by using the proposed methods
in Section3.2 or 3.3. As a byproduct, we propose a polynomial
sparse representation method by extending the OMP algorithm to
the polynomial case.

Assuming y(z) is an arbitrary polynomial “signal” from the set
of polynomial signals Y(z), the sparse representation of y(z) can be
calculated by optimizing the following cost function

min|ly(z) — D(2)x||?
x ! (21)
subject to ||X]|o < k.

Similar to the discussions in Sections3.2 and 3.3, in order to
optimize (21), we can convert the polynomial sparse representa-
tion problem (21) to the conventional sparse coding problem by
concatenating the coefficient matrices of Y¥(z) and D(z) respectively.
Therefore, (21) can be converted to

min||y — Dx||3
xS (22)
subject to ||X||o < &,

where y denotes the vector obtained by concatenating all the co-
efficients of y(z) at all lags

y=[y(0);...;y);..;yL-1)]. (23)

Many sparse coding algorithms can be used to optimize (22), such
as the OMP algorithm. The OMP algorithm employs a greedy strat-
egy to calculate the sparse coefficients by iteratively estimating the
kx-nonzero coefficients to approximate the signal. For each itera-
tion, the residual between the signal and its approximation is up-
dated, where the approximation is calculated by selecting the best-
matched atoms from the dictionary which can maximally reduce
the ¢;-norm residual error between the signal and its approxima-
tion. When the error is reduced to below a specified threshold, the
optimal sparse representation is obtained.

However, it is not trivial to find the match between the signal
and the atoms in the polynomial case, as this involves the simi-
larity measures between two polynomial vectors/matrices. In the
conventional OMP algorithm, the similarity between the atom and
the current residual is measured by their inner product, where the
atom has the maximum inner product with the current residual
being selected as the best-matched atom. This is not directly ap-
plicable for the polynomial case. Here we use the F-norm as the
similarity measure between the polynomial residual and polyno-
mial atoms, i.e. by calculating their distance using the F-norm. For
each iteration, we select the polynomial atom (i.e. the column in
the polynomial dictionary), which has the smallest F-norm error
with the polynomial residual, as the best-matched dictionary atom.

Suppose dy (z) is the koth column of the polynomial dictionary
D(z), which is the best-matched polynomial atom at the current
iteration j, then dko (z) can be calculated as

d,, (2) = argmin||di(2) —r(2) V|2, k=1,... K, (24)
d,(2)

where d,(z) is the kth column of D(z), r(z) U1 s the residual r(z)
at the (j — 1)th iteration, and r(z) is initialized by the signal y(z).
The provisional solution x can then be obtained by optimizing the
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following cost

x = argmin||y(z) — D(z)suX||?
X (25)
subject to ||x||o < &,

where D(z)g) contains the best-matched atoms indexed by the
set SU). The formulation (25) can be seen as a polynomial least-
squares problem, as the coefficient matrices of y(z) at all differ-
ent lags should have the same linear combination of the coefficient
matrices of D(z)g() at their corresponding lags. According to (11),
and (12), we can obtain the solution to (25) as

; -1
xV = (nggsm) ngl, (26)

where Dg(;) and y are constructed by concatenating the coefficient
matrices of Dg(;) and y(z) at all lags, respectively. Then, at the jth
iteration, the residual r(z) is updated as

r¥(z) = y(z) — D(2)55x. (27)

The proposed polynomial OMP (POMP) algorithm is given in
Algorithm 4.

Algorithm 4 Polynomial OMP.
Input: signal y(z), dictionary D(z), sparsity k
Output: X,y
Initialization: residual r(z)® =y(z), solution x =0, solution
support SO = ¢, € = 1076,
Iteration:
for j=1,....x
Best-Matching Atom Selection:
Optimize ko = argmin||d;(z) — r(z)U~V||2, by calculating the
k

F-norm error ||dy(z) —r(2)U=V|2, where dy(z) € D(2), k=
1,--- K.
Update Support Set: S¢) = SU=D | J{ko}.
Update Provisional Solution: Calculate x) by solving (25),
using (26). . .
Update Residual: r(2)") = y(z) — Dy, (2)x\).
Stopping Criteria: If |r(z)"’|2 <¢, then Xopn =xU), and
break, else continue.

end for

3.5. Computational complexity

In this section, we analyse the computational complexity of the
proposed algorithms. For the polynomial dictionary learning meth-
ods, i.e. extended K-SVD, extended MOD and PMOD, the compu-
tational complexities involved in the sparse coding stage in each
iteration are dominated by the calculation of DX, which are the
same, i.e. O(nLKN). In the dictionary update stage, however, the
computational complexity of the extended K-SVD is dominated by
the calculation of Ej, which is O(nLKN) for each E;, and overall
at O(nLK2N). For the extended MOD and PMOD, the complexity is
dominated by YXT and Y(z)XT, as shown in (17) and (20), which
require O(nLNK) and O(nNK) respectively, with pre-computed XXT.

For the POMP algorithm, although the selection of the best-
matching atom is different from that in the conventional OMP
method, it requires the same number of iterations for atom selec-
tion. For each “signal” y(z), the computational complexity is domi-
nated by the calculation of DTy with pre-computed D'D as shown
in (26), which requires O(nLK), and for a set of “signals” Y(z), the
computational complexity is O(nLKN).

3.6. Recoverability and RIP property

The restricted isometry property (RIP) of sparse recovery algo-
rithms (e.g. the OMP and OLS algorithms) has been studied in the
compressed sensing (CS) literature [16,21-28,38-42], and the dic-
tionary learning context [43-47]|. For example, in [26,40,41], suf-
ficient conditions required by the OMP method were established
for the exact k-sparse signal recovery in the noiseless case or the
exact support set recovery in the noise case, if the sensing matrix
satisfies the RIP. The incoherence property has also been studied,
for example, in [44] for dictionary learning, and in [39] for com-
pressed sensing.

The proposed dictionary learning methods are the extensions of
the conventional K-SVD and MOD methods to the polynomial case.
Although the conventional K-SVD and MOD have been successfully
used in real applications, these methods lack theoretical guaran-
tees. In other words, the dictionaries learned by these methods
cannot guarantee to satisfy the RIP [38,39] and incoherence prop-
erty, and theoretical results of these methods have not yet been
fully justified [43-45]. This is because both the K-SVD and MOD
methods used an alternating minimization strategy to learn the
dictionary in two steps, namely, sparse coding and dictionary up-
date, by fixing one and updating the other. By using this strategy,
the dictionary needs to be initialized, however, the initial guesses
may be far from the true dictionary, which leads to the difficulty
for providing provable guarantees for these algorithms [44]. In real
applications, there is no ground truth dictionary, which makes it is
even harder to provide such guarantees in practice. In addition, the
algorithms may converge to a coherent dictionary, which can lead
to unstable estimation for sparse recovery [43,44].

The extended K-SVD and extended MOD algorithms are based
on the polynomial of matrices model, where we converted the
polynomial dictionary learning problem to a conventional dictio-
nary learning problem. Thus, similar to conventional K-SVD and
MOD methods, the polynomial dictionaries obtained by using the
extended K-SVD and extended MOD may not satisfy the RIP or in-
coherency property. The PMOD algorithm is based on the matrix
of polynomials model, which is an extension of the MOD method.
The PMOD method used the same strategy and stopping criterion
as the MOD method to train the dictionary, where the polynomial
dictionary is initialized with the “polynomial signals” (i.e. acous-
tic signals modeled with a polynomial matrix), which may also be
far away from the true dictionary, and the dictionary obtained af-
ter convergence may not be incoherent. It is reasonable to deduce
that the PMOD method may not be able to guarantee the RIP or
incoherency property. However, further efforts are required to pro-
vide more precise theoretical results.

The proposed POMP is an extension of the conventional OMP to
the polynomial case, and in the extreme scenario where no time
delay (i.e. zero time lags) is involved, the proposed POMP degen-
erates to the conventional OMP (except the measure of similarity
between the residual and the atoms in the dictionary). Therefore,
the existing theoretical results established for conventional OMP in
the literature could be extended to the polynomial case. However,
it is not trivial to extend these theoretical results when multiple
time lags are involved and extra attention need to be given to sev-
eral important issues, such as the definition of the RIP property
and incoherence measures in the polynomial setting. These are in-
teresting future research directions that are beyond the scope of
our current work.

4. Experiments and resluts
In this section, we evaluate the performance of the proposed

methods using both synthetic and real data. We use a polynomial
matrix to model signals with time lags, and therefore the polyno-
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mial dictionaries are learned from training data consisting of sig-
nals with time lags. The learned polynomial dictionaries are used
to recover the noisy signals. The experiments are first conducted
on synthetic polynomial matrices to show how the proposed meth-
ods work on polynomial matrices, where the polynomial matri-
ces are generated randomly, and each element of the polynomial
matrices can be assumed as an FIR model represented by poly-
nomials. Then, the proposed methods are evaluated for acoustic
impulse responses denoising, where the polynomial matrices are
used to model acoustic impulse responses (generated by a room
image model, and recorded in real rooms). In both cases, white
Gaussian noise with zero mean and unit variance is added to the
data.

4.1. Experimental setup and data generation

4.1.1. Synthetically generated polynomial matrices

First, we show experiments on synthetically generated data as
follows. We generate a random scalar matrix D with uniformly dis-
tributed entries, which is then used as the coefficient matrix for
the polynomial matrix D(z), where each column of D is normal-
ized to unity norm. The size of D generated is 50 x 100. Then, Y is
generated by the linear combination of different columns in D. Fi-
nally, the polynomial matrices Y(z) and D(z) are generated by split-
ting their coefficient matrices according to Egs. (11) and (12). Here,
the training data we generated are 10 x 2000 polynomial matrices
with 5 time lags.

4.1.2. Simulated and real acoustic impulse responses

The second type of data tested contains acoustic impulse re-
sponses, described by polynomial matrices. Two types of acous-
tic impulse responses are tested, respectively, those generated by
a room image model [48], and the real acoustic impulse responses
taken from [49].

By using the image model, the acoustic impulse responses are
generated in a 20 x 20 x 3 m3 room (a simulated large hall). The
reverberation time is set to be 900 ms, and the sampling frequency
is 16 kHz, so that the number of time lags for each impulse re-
sponse is 14,400. We generated 1000 acoustic impulse responses
as the training set. Polynomial matrices are used to model the
acoustic impulse response signals. Each acoustic impulse response
is split into several segments with the same length, thereby each
segment can be seen as an FIR filter which is modeled by a poly-
nomial with a certain number of lags. Note that, once the length
of each polynomial (FIR) is given, the number of polynomials can
be calculated according to the number of acoustic signals and the
length of each acoustic signal. These polynomial elements can be
used to construct a polynomial matrix, whose dimensions are de-
termined according to the length of the signals and the number of
time lags specified in each polynomial element.

For the real data, we take 840 real impulse responses from the
database [49] as the training signals, where the length of each
impulse response is 192,000 samples. Each element of the poly-
nomial matrix is designed to have 40 lags. Hence, each impulse
response signal can be modeled by 4800 polynomial elements.
Therefore, the acoustic signals in the training set are designed as a
20 x 201, 600 polynomial matrix with 40 lags for each element.

4.1.3. Parameter selection

Assuming the dimension of the polynomial dictionary D(z) is
n x K with L lags, D(z) needs to be overcomplete, that is n<«K.
Moreover, as the proposed dictionary learning model (6) can be
expressed as the polynomial of matrices model (10), which means
the new dictionary D e R™*K also needs to be overcomplete,
which is nL «K.

As in conventional dictionary learning methods [1,9,50], it is
difficult to find theoretically optimal parameters, therefore the pa-
rameters used in our polynomial algorithms were set empirically,
according to extensive experimental tests. We also carried out
some experiments to understand the impact of some important
parameters on the performance of the proposed methods, such as
the iteration numbers and sparsity in the polynomial dictionary
learning process. In the denoising application, we also evaluated
the performance of the algorithms for modeling the acoustic im-
pulses using polynomial matrices with different lags, and the poly-
nomial dictionaries with different sizes, which will be discussed in
detail later.

4.1.4. Performance metrics

The reconstruction error between the original polynomial ma-
trix Y(z) and the reconstructed polynomial matrix ¥ (z) is used as
the performance metric, which is defined as

_v@-Y@l;

28
IY )l 28)

err

4.2. Experimental results and analysis

The proposed methods are tested on different noise levels, dif-
ferent sparsity levels, different sizes of dictionaries, and different
time lags used in the polynomial dictionaries.

4.2.1. Experiments on synthetically generated data

First, we test the convergence of the proposed polynomial dic-
tionary learning methods during the dictionary training procedure.
The proposed extended K-SVD, extended MOD and PMOD algo-
rithms are used to train the dictionaries. The size of the dictio-
naries is set to be identical, which is 10 x 100 with 5 time lags.
Different levels of sparsity are tested (i.e. 3, 5, and 7). The sparse
representation coefficients for the reconstruction are found by us-
ing the conventional OMP algorithm. In total, 50 realizations are
carried out, and for each realization, 200 iterations are tested. The
reconstruction errors are calculated at each iteration.

Fig.1 shows the average reconstruction errors changing at each
iteration. From Fig. 1, we can see that both methods can converge
within 200 iterations, and the extended K-SVD achieves more ac-
curate polynomial matrix reconstruction results than the extended
MOD and PMOD for all levels of sparsity tested. Note that, the
PMOD algorithm gives nearly the same average reconstruction ac-
curacy as the extended MOD at each iteration during the dictio-
nary training process. This is reasonable, as both the PMOD and the
extended MOD use the same method to calculate the sparse coef-
ficients in the sparse coding stage, although the PMOD operates on
the polynomial matrix dictionary directly in the dictionary update
stage. Also note that, the proposed methods converge with less it-
erations when using a lower level of sparsity, this is because less
sparse representation coefficients need to be found in the sparse
coding stage.

Then, we perform another experiment to evaluate the perfor-
mance of the proposed methods for recovering a signal (i.e. poly-
nomial matrix) corrupted by noise at different levels. In this case,
white Gaussian noise of zero mean and variance chosen to achieve
different signal-to-noise ratios (SNRs) is added to the coefficient
matrices of the polynomial matrix Y(z). Note that both the size of
the input data Y(z) and the dictionary are the same as those in
the previous experiments. The numbers of iteration is set to be the
same, as 200. Here, the proposed extended K-SVD, extended MOD,
and PMOD algorithms are used to learn the dictionaries, and these
dictionaries are applied to recover the polynomial matrix from the
noise corrupted version. For the extended K-SVD and extended
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Table 1

Performance comparison in terms of the reconstruction error (x10~2) for polyno-
mial matrix reconstruction at different levels of noise, where different levels of
sparsity are tested for denoising the noise corrupted polynomial matrix.

Sparsity  Noise level (dB)
5 10 15 20 25 30
Extended K-SVD 3 16.76  10.29 5.36 2.78 1.47 0.79
5 2397 15.59 8.77 491 2.833 1.76
7 2842 18.88 10.83 6.17 3.73 2.53
Extended MOD 3 2033 1542 1265 11.78 1153 1146
5 2529 17.26 11.26 8.49 7.49 7.16
7 2934 19.76  11.97 7.79 5.93 527
PMOD 3 2125 1657 1401 1322 13.00 1294
5 2529 17.26 11.26 8.49 7.49 7.16
7 2934 1976 1197 7.79 5.93 527
PMOD + POMP 3 65.60 6411 6329 6299 6290 62.86
5 6296 60.58 59.22 5871 58.55 58.49
7 62.51 59.57 57.89 5726 57.04 56.96

MOD, the OMP algorithm is used to calculate the sparse repre-
sentation coefficients in the sparse coding stage. For the PMOD
algorithm, both the OMP and the POMP algorithms are used and
their performance is compared. The PMOD and POMP combination
is denoted as PMOD + POMP. For each method, one dictionary is
learned from the clean “signal” Y(z), and 20 realizations are car-
ried out for the signal recovery by using OMP and POMP accord-
ingly, where different levels of sparsity are tested (i.e. 3, 5, and 7)
for training the dictionaries and sparsely representing the polyno-
mial matrix.

Table 1 shows the results of the proposed methods for the noise
corrupted polynomial matrix reconstruction. We can see that the
extended K-SVD approach can obtain the best recovery accuracy
for all levels of sparsity tested, and the extended MOD is slightly
better than the PMOD method. POMP performs the worst for re-
covering the polynomial matrix with the dictionary learned by
PMOD. It can be observed that, for the extended K-SVD, better
recovery accuracy can be achieved with a lower level of sparsity
enforced in reconstruction; whereas for PMOD + POMP, increasing
the sparsity tends to give smaller reconstruction errors. For the ex-
tended MOD and PMOD, the reconstruction error is increased with
the increase in the level of sparsity, for noise in the range of 5
dB-10 dB. In contrast, the reconstruction error becomes smaller
with the increase of the sparsity level for noise in the range of 20
dB-30 dB. In comparison, the extended K-SVD method combined

with OMP tends to give better accuracy for the reconstruction of
noise corrupted polynomial matrix, when using a lower level of
sparsity. However, for other methods tested, the denoising perfor-
mance varies with the change of sparsity and noise level, and there
is no clear trend on which sparsity level used will give absolutely
better performance than other sparsity levels. Therefore, we only
choose one sparsity in our following experiments, where the spar-
sity for both training dictionaries and reconstructing signal is set
as 3. As observed from Fig. 1, all the proposed methods converge
approximately after 80 iterations for dictionary training when the
sparsity is set as 3, so that we set the maximum iteration number
to be 80 in the following experiments.

4.2.2. Experiments on acoustic impulse responses

As the aim of our proposed methods is to process signals with
time delays, we test the proposed methods for acoustic signal de-
noising, where the polynomial matrix is employed to model the
acoustic impulse responses. The dictionaries learned by the pro-
posed methods are used for the reconstruction of noise corrupted
acoustic signals. In our experiments, the acoustic signals are mod-
eled by polynomial matrices with different time lags, and dictio-
naries of different size are trained.

First, we conduct experiments on impulse response signals gen-
erated by a room image model [48] as mentioned in Section4.1.2.
1000 clean impulse responses are used as the training set, and the
noisy test signal is generated by adding noise to the clean acous-
tic impulse response. As the length of each impulse response is
14400, the test signal can be split into 720 segments, with the
length of each segment as 20, so that the test signal can be mod-
eled as a 10 x 72 polynomial matrix with 20 lags. In the same way,
the training signals can be modeled by a 10 x 72,000 polynomial
matrix with 20 lags. The size of the polynomial dictionaries is de-
signed as 10 x 240, 10 x 320, and 10 x 400, respectively. The pro-
posed methods are used to recover the noise corrupted impulse re-
sponse, where different levels of noise are tested. For each method,
one dictionary is learned from the clean training signals modeled
polynomial matrix, and 20 realizations are carried out for recover-
ing the noise corrupted signal at each noise level.

Table 2 shows the average reconstruction error of the proposed
methods for the acoustic signal denoising at different noise lev-
els. From the table, we can see that the proposed methods achieve
similar results by using different size of training dictionaries, for
low SNR levels (e.g., —10 dB and 0 dB). Dictionaries of smaller size
offer better signal reconstruction performance, in contrast, those of
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Table 2

Performance comparison in terms of reconstruction error (x10-2) for room image
impulse responses denoising at different noise levels, where dictionaries of different
size are tested.

Table 3

Performance comparison in terms of the reconstruction error (x10-2) for
room image impulse responses denoising at different noise levels, where
acoustic signals are modeled by polynomial matrices with different lags.

Dictionary size  Noise level (dB)

Lags  Noise level (dB)

-10 0 10 20 30

-10 0 10 20 30
Extended K-SVD 10 x 240 23755 3647 1734 17.20 17.19
10 x 320 24476 37.03 16.67 1653 16.52
10 x 400 24971 3719 1562 1545 1543
Extended MOD 10 x 240 23718 3625 1733 1720 1718
10 x 320 24382 3655 1613 1599  15.98
10 x 400 24940 36.98 1543 1527 15.26
PMOD 10 x 240 23718 3625 1733 17.20 1718
10 x 320 243.82 3655 1613 1599  15.98
10 x 400 24892 37.05 1523 1507 15.05
PMOD + POMP 10 x 240 21574 36.64 22.03 2193 2192
10 x 320 22330 3824 2310 23.01 23.00
10 x 400 228.63 3726 2027 2016  20.15

larger size tend to give higher recovery accuracy for higher SNR
levels (e.g., 10 dB, 20 dB, and 30 dB).

The extended MOD and PMOD give almost the same average
reconstruction error in the case when the size of dictionaries is
10 x 240 and 10 x 320, whereas the average reconstruction errors
are different when the size of dictionaries is 10 x 400, and the
PMOD performs better in this case. The reason why the perfor-
mance is different when the dictionaries had size 10 x 400 is that
the learned dictionaries have redundant atoms, which lead to mul-
tiple sparse representations for the signal reconstruction. When
the size of the dictionary is larger than a certain number, some
learned atoms may become redundant. The extended MOD can get
slightly better recovery accuracy than the extended K-SVD. Inter-
estingly, although the PMOD + POMP performs worse than the
other three methods when the noise is added over ranges from
0 dB to 30 dB, it gives the best recovery accuracy when the SNR
ratio is lower than 0 dB. It is especially worth noting that the per-
formance of PMOD + POMP for acoustic signal denoising is bet-
ter than that for denoising the polynomial matrices generated ran-
domly in our last experiment, while the reconstruction error is
similar to those obtained by the other three methods.

An illustration of the polynomial matrix modeled acoustic im-
pulse response denoising is given in Fig.2, where a 2 x2 poly-
nomial sub-matrix is randomly selected from the polynomial ma-
trix and used to model the entire test acoustic room impulse re-
sponse. Each element can be seen as a polynomial modeled FIR
filter with 20 lags, which is a segment from the test acoustic sig-
nal. Fig.2 shows the clean FIRs in the subplot (a), the correspond-
ing noise added FIRs in (b) (5 dB noise), the recovered FIRs by the
extended K-SVD, extended MOD, PMOD, and PMOD+POMP meth-
ods in the subplots (c), (d), (e), and (f), respectively. The size of
the polynomial dictionaries used is the same, which is 10 x 320
with 20 lags. We can see from Fig.2 that all the proposed methods
can recover the noise corrupted FIRs in a certain level. Fig.3 shows
an example of the entire acoustic impulse response denoising by
using the proposed extended K-SVD method. We can see that the
proposed method can recover the noise corrupted signal very well.

Then, another experiment is carried out by using polynomial
matrices with different lags to model the acoustic impulse re-
sponses. In order to find out how the impulse responses mod-
eled polynomial matrix influences the performance of the pro-
posed methods, the lags of the polynomial matrices used to model
the acoustic impulse responses are set to be as 10, 20, and 30, re-
spectively, so that the same 1000 training impulse responses as
used in the previous experiment can be modeled as 10 x 144000
with 10 time lags, 10 x 72000 with 20 lags, and 10 x 48000 with

Extended K-SVD 10 35341 50.06 15.30 14.84 14.83
20 24846  37.22 15.70 15.54 15.53
30 204.23 31.61 15.27 15.18 15.17

PMOD 10 35248  50.05 15.09 14.64 14.63
20 248.91 37.19 15.47 15.31 1534
30 203.51 31.30 15.20 1511 15.10

PMOD + POMP 10 32493 4821 19.26 18.94 18.93
20 228.27 3740 2043 2032 2034
30 186.11 30.05 16.25 16.18 16.16

30 lags polynomial matrices, respectively. The size of the dictio-
naries in training is set to be 10 x 400 with 10, 20, and 30 lags,
respectively. As the previous experiments have shown that the ex-
tended MOD and PMOD methods can obtain nearly the same per-
formance during the dictionary training process for acoustic im-
pulse response denoising, here, we only compare the performance
of the extended K-SVD, PMOD and PMOD + POMP. For each time
lag tested, one dictionary is trained by each method, and 20 re-
alizations are carried out for each noise level. The average recon-
struction errors are given in Table 3.

From Table3, we can see that when applying the proposed
methods, the acoustic signals modeled by polynomial matrices of
greater time lags tend to give better recovery accuracy, for rela-
tively lower SNR levels (i.e. —10 and O dB) for both cases. The
best denoising result can be obtained by using the PMOD + POMP
method. In contrast, the extended K-SVD and PMOD techniques can
get better performance at higher SNR levels (i.e. 20, and 30 dB) for
acoustic signals modeled by polynomial matrices with 10 lags, and
the PMOD has the best denoising performance in this case.

In the above experiments, the polynomial dictionaries are all
learned from clean signals. Here, we carry out additional experi-
ments to evaluate the performance of the proposed methods for
learning polynomial dictionaries from noise corrupted data. To this
end, we add white Gaussian noise at different SNR levels (e.g.
10 dB, 20 dB, and 30 dB) to the same 1000 clean impulse re-
sponses used in the previous experiment. The polynomial matrix
(containing the training signals) and the polynomial dictionary are
obtained in a similar way to the case where the training signals
are clean. More specifically, the noisy training signals are mod-
eled by a 10 x 48,000 polynomial matrix with 30 lags, and the
size of the dictionaries is 10 x 400 with 30 lags. The test signals
are the same as those in the previous experiment. We run 20
realizations in which we train a dictionary for each noise level.
The performance comparison of the extended K-SVD, PMOD, and
PMOD+POMP methods is given in Table4. As compared with the
results in Table 3, we can see that the extended K-SVD and PMOD
algorithms perform slightly better when using noise corrupted
training signals, whereas the PMOD+POMP method performs worse
than in the noise free case. This shows that the extended K-SVD
and PMOD methods have better noise robustness as compared
with the PMOD+POMP method. This is probably because the POMP
uses the F-norm distance as the measurement for the selection of
best-matching atoms, and the F-norm distance may not be as reli-
able as the inner product for similarity measure between the resid-
ual and the atoms for atom selection.

4.2.3. Experiments on real acoustic impulse responses
Finally, an experiment is carried out for real acoustic impulse
response signal denoising. The POMP method is used to recover
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Fig. 2. Illustration of the proposed methods for acoustic impulse response denoising, where a polynomial matrix is used to model the test room impulse response, a sub-
matrix with four polynomials is randomly selected from the polynomial matrices, where each polynomial is an FIR filter denoting a segment of the test room impulse
response. (a) Clean FIRs; (b) Noisy FIRs; (c) Denoised FIRs by the extended K-SVD; (d) Denoised FIRs by the extended MOD; (e) Denoised FIRs by PMOD; (f) Denoised FIRs
by PMOD + POMP.
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Fig. 3. An example of room image impulse response signal denoising, where the extended K-SVD is used. (a) The clean acoustic signal; (b) The noisy acoustic signal; and (c)

The reconstructed acoustic signal.

Table 4

Performance comparison in terms of the reconstruction error (x10-2) for room image impulse re-
sponses denoising at different noise levels, where the dictionaries are learned from training signals
with different noise levels, and the size of the dictionaries is 10 x 400 with 30 lags.

Training signal noise level(dB)

Test signal noise level (dB)

-10 0 10 20 30
Extended K-SVD 10 203.32 31.16 15.09 15.00 14.98
20 202.63 31.16 15.12 15.03 15.01
30 203.10 31.28 15.16 15.06 15.05
PMOD 10 203.00 3139 14.94 14.84 14.83
20 202.57 31.23 15.01 14.92 14.90
30 202.61 31.16 14.85 14.75 14.74
PMOD + POMP 10 188.26 3389 21.78 21.71 21.70
20 186.82 3327 2083 20.76  20.75
30 18644 3292 20,56 2049 2048

the noisy real acoustic impulse response, where the polynomial
dictionary is learned by the PMOD. Here, the OMP is also used
to reconstruct the impulse responses for comparison purpose. The
test signal is corrupted by 5 dB noise.

As mentioned in Section4.1.2, 840 real impulse responses are
used as the training signals, which are modeled by a 20 x 201, 600
polynomial matrix with 40 lags. The size of dictionary is set to be
20 x 1200 with 40 lags. Fig.4 shows the clean signal in the sub-
plot (a), its corresponding noisy signal in the subplot (b), and the
reconstructed signals by OMP and POMP methods in the subplots
(c) and (d), respectively. It can be observed that both reconstructed
signals are similar to the clean test signal. The experiments show
that our proposed methods can obtain fairly good performance for
denoising real acoustic signals.

5. Conclusions

We introduced a polynomial dictionary learning technique to
deal with signals with time lags, where the polynomial matrix was
employed to model the signals. This provided a way for learning
a dictionary for signals with time lags, such as acoustic impulse
responses. Two types of polynomial dictionary learning methods
were proposed based respectively on the polynomial of matrices
model and the matrices of polynomial model. By using the poly-
nomial of matrices model based dictionary learning method, any
conventional dictionary learning methods can be used to represent
the signals with time lags; whereas the matrices of polynomial dic-
tionary learning model provided a potential way to deal with the
polynomial dictionary matrix directly without having to explicitly
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Fig. 4. Denoising of noisy real acoustic impulse response signal. (a) The clean acoustic signal; (b) The noisy acoustic signal (c) The reconstructed acoustic signal by the

PMOD; (d) The reconstructed acoustic signal by PMOD + POMP.

access the polynomial coefficient matrices, where the sparse coef-
ficient matrix was still a scalar matrix, rather than a polynomial
matrix. As a byproduct, a polynomial OMP algorithm was also pro-
posed. The experiments show that our proposed methods can be
used to model signals with time lags, such as acoustic impulse re-
sponses, and to reconstruct such signals from noise corrupted sam-
ples. Moreover, the experiments also show that we can obtain bet-
ter performance by carefully designing the polynomial matrix and
choosing the size of dictionary according to the tasks at hand.
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