MATMO16: Theory of Water Waves Autumn 2010

— Class Test : Wednesday 24 November —

1. For a normal mode solution, of a linear wave equation, with frequency w and
wavenumber vector k = (k.£), define the group velocity vector c,. 6]
2. Consider the linear Zakharov-Kuznetsov equation
Ut + UoUy + Uy T Ugyy = 0 )

for the scalar-valued function wu(z,t) where ug is a nonzero constant. For a
normal-mode solution of the form u(z,t) = el %=1 ¢ ¢ with @ a complex
constant, find (a) the dispersion relation and (b) the group velocity vector. [18]

3. For the dispersion relation in Question 2, show that the group velocity vector
¢, and the wavenumber vector k are not in general parallel. 8]

4. Consider the nonlinear wave equation

Ut — Uy +4u — 6u? =0, (1)

for the scalar-valued function u(z,t). Show that there is a stationary solitary
wave solution of the steady problem of the form

u(z,t) := u(z) = Asech®(Bx),

and determine A and B. [10]

5. For the nonlinear wave equation (1), show that there is a conservation law of
the form
Ii+S, =0 with [ =wu,.

Determine the flux S(z,t) for this conservation law. [10]



6. Consider the Euler equations for an inviscid fluid in two space dimensions and

time,
u + uty +vu, +ptp, = 0

v+ uv, + oo, +plp,+9g = 0,

where g > 0 is the gravitational constant, p is the constant fluid density,
p(z,y,t) is the pressure and (u(z,y,t),v(x,y,t)) is the velocity field. With the
assumptions u = ¢, and v = ¢,, show that these equations can be reduced to
Bernoulli’s equation

¢t+%(¢i+¢§)+gy+i—j=f(t).

where f(t) is an arbitrary function of time. [18]

. Suppose a wave ray is defined by the graph (X,Y (X)) and
av
dX kK’
where (k, ) are components of the wavenumber vector k = (k, ¢). Define
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Show that
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Derive the ray equation
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[20]
. Consider a normal mode solution in one space dimension and time, with fre-
quency w and wavenumber k. Prove the following relationship between the
group velocity ¢, and the phase velocity c,
dc
Cqg— Cp = d_l: :
[10]



