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Abstract

We present a general approach to prove the existence, both locally and globally in amplitude, of fully

localised multi-dimensional patterns in partial differential equations containing a compact spatial het-

erogeneity. While one-dimensional localised patterns induced by spatial heterogeneities have been well-

studied, proving the existence of fully localised patterns emerging from a Turing instability in higher

dimensions remains a key open problem in pattern formation. In order to demonstrate the approach,

we consider the two-dimensional Swift–Hohenberg equation, whose linear bifurcation parameter is per-

turbed by a radially-symmetric potential function. In this case, the trivial state is unstable in a compact

neighbourhood of the origin and linearly stable outside. We prove the existence of local bifurcation

branches of fully localised patterns, characterise their stability and bifurcation structure, and then rigor-

ously continue solutions to large amplitude via analytic global bifurcation theory. Notably, the primary

bifurcating branch in the Swift–Hohenberg equation alternates between an axisymmetric spot and a

non-axisymmetric ‘dipole’ pattern, depending on the width of the spatial heterogeneity.

1 Introduction

In this paper we prove the global existence of fully localised two-dimensional patterns close to a pattern-

forming or Turing instability. The key breakthrough is to use a compact region of spatial heterogeneity

to induce a pattern-forming bifurcation away from the Turing point, where the linearised operator remains

Fredholm. Although there are many proofs—particularly in the area of water waves—of global bifurcations

of waves and patterns, the extension to fully localised multi-dimensional patterns remains elusive. As such,

this work provides a significant novel direction for future research.

The emergence of patterns with spatially localised extent are important for understanding phenomena in

a wide range of applications from the formation of tornadoes [17, 62], patches and fairy circles in dryland

vegetation [14, 36, 43, 59], and spikes on the surface of a magnetic fluid [57, 68]; see [9] for a review of localised

pattern formation. The key bifurcation of these localised patterns from quiescence is due to a pattern-forming

instability [9]. While there is extensive theory for the emergence of one-dimensional localised patterns, to

date there remains no existence proof for fully localised 2D patterns emerging from a Turing instability

beyond the axisymmetric case [37, 56, 60, 61]. Fundamentally, this is due to the fact that the kernel of the

linear operator at a 1D pattern-forming instability is finite dimensional but in 2D it is infinite-dimensional.

We note that there have been recent advances in approximating these patterns [38–40], as well as in proving

their existence at certain parameter regimes [16, 58, 74] via rigorous numerics.
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Figure 1: We consider a PDE system appended with a localised potential V (x), causing the otherwise-stable trivial

state to destabilise in a compact region and inducing the emergence of localised patterns.

The present work is inspired by the use of spatial heterogeneity to induce the emergence of localised patterns

in experiments. Two examples are the localised temperature hotspots that can lead to the nucleation

of tornadoes in numerical simulations [17, 62], and the local amplification of a magnetic field inducing

axisymmetric spikes to form on the surface of a magnetic fluid [68]. The latter example directly informs our

approach in this work. The experiments of Richter and Barashenkov [68] utilise a probe coil to destabilise

the flat state in a compact region to generate an axisymmetric soliton (see [41] for a previous study of

axisymmetric ferrofluid spikes in the absence of spatial heterogeneity). The induced spike persists following

the removal of the probe coil, allowing the authors to study the behaviour of localised solutions to the

spatially homogeneous problem. The Swift–Hohenberg equation we study in this work is taken to be a

toy model for the probe coil problem, where we introduce a compactly-supported potential function to

mimic the linear stability problem in the ferrofluid experiment. We note that there has been significant

recent interest in the effects of spatial heterogeneity on pattern formation (see [2, 3, 18, 29–31, 44–47] for

stripe/target deformation, [6, 25, 26, 48, 49, 65] for pattern formation in parabolic equations, and [11, 23, 52]

in hyperbolic equations); the present work fits well within this expanding literature, while also developing a

new direction for the rigorous study of localised multi-dimensional patterns.

In this paper, we develop a new theory for the existence of large amplitude localised patterns with dihedral

symmetry, where the spatial heterogeneity in the linear operator is linearly destabilising in a compact disc

centred at the origin and stabilising everywhere else; see Figure 1. The key advantage of this approach

is that for this type of spatial heterogeneity the essential spectrum is bounded away from the imaginary

axis and allows the use of Fredholm operator theory, overcoming the fundamental difficulty in the spatially

homogeneous case. One is then left with the problem of finding bifurcating point spectra; we show how

this can be done where the linear operator is isotropic, though we believe that this requirement can be

relaxed. Provided one can then locate bifurcating point spectra, one can then employ Crandall–Rabinowitz

theory [21] and global bifurcation theory [13, 20, 66] to prove the existence of branches of large-amplitude,

nonlinear fully localised patterns.

The Crandall–Rabinowitz theorem allows one to prove the existence of small amplitude solutions bifurcating

from a given base state while analytic global bifurcation theory—originally due to Dancer [22] and later de-

veloped by Buffoni and Toland [13] and Constantin, Strauss and Vărvărucă [20]—allows one to continue small

amplitude solutions to large amplitude. The Crandall–Rabinowitz theorem is typically applied to bounded

domains or spatially periodic solutions; while localised solutions have been considered in some cases [73, 78],

the application of Crandall–Rabinowitz theory is more difficult due to a lack of standard embedding and

compactness properties in infinitely-extended spatial domains. While analytic global bifurcation theory has

become invaluable in proving the existence of large amplitude water waves, including some recent applications
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to solitary waves (see [34, Section 5.6] and references therein), very few results exist in the pattern formation

literature (see for instance [5, 27, 28, 63] which use the global bifurcation theory of Rabinowitz [66], and the

more recent work of [12, 15] which use analytic global bifurcation theory). A key difficulty with applying

the theory of Buffoni and Toland [13] to localised solutions is a possible lack of compactness of solution sets.

While in bounded domains (or, equivalently, for periodic solutions) local compactness of the solution set is

guaranteed by a combination of Schauder estimates and Rellich–Kondrachev-type embeddings, these results

no longer hold in infinitely extended domains. A crucial change in this approach was provided by Chen,

Walsh and Wheeler in [19], where the authors adapted the analytic global continuation theorem of Buffoni

and Toland so that local compactness was no longer an assumption, but rather a property of the solution set

that could fail. To the best of the authors’ knowledge, there are no global bifurcation results for localised

patterns in pattern-forming systems, and so this paper presents a new application of the theory for 2D fully

localised patterns with dihedral symmetry.

Our approach is to consider the following semi-linear PDE system. Fix d ∈ N with d > 1, N ∈ N, and
consider

∂tu = Lε(∆)u+ Vε(x)u+Nε(u), u ∈ H2m(Rd;RN ), ε ∈ Λ ⊆ R, (1.1)

with Lε(∆) : H2m(Rd;RN ) → L2(Rd;RN ) an isotropic linear operator (where Lε(·) is given by an m’th order

polynomial, ∆ denotes the d-dimensional Laplace operator, and m > d/4), Vε a localised potential, and Nε

a real-analytic function with Nε(0) = N ′
ε(0) = 0 for all ε ∈ Λ. We additionally assume that Lε, Vε,Nε are

each analytic in ε ∈ Λ, and that the following hypotheses are satisfied.

Hypotheses. Let X ⊆ H2m(Rd;RN )1 be an invariant subspace of (1.1) and (with slight abuse of notation)

replace Lε(∆) with its restriction onto X. We then suppose that

(i) Lε(−|k|2) < 0 for all k ∈ Rd, ε ∈ Λ ;

(ii) there exists some ε0 ∈ Λ such that ker (Lε0(∆) + Vε0) = span {v0} with v0 ∈ X; and

(iii) ∂ε(Lε(∆) + Vε)ε=ε0v0 /∈ Im(Lε0(∆) + Vε0).

Hypothesis (i) supposes that the operator Lε(∆) and the linearisation of (1.1) about some u = ϕ ∈
H2m(Rd;RN ) are Fredholm operators with index zero. In particular, the essential spectrum of each op-

erator is bounded away from zero and so any change in the linear stability of solutions to (1.1) is driven

entirely by eigenvalues crossing the imaginary axis. Hypothesis (ii) supposes that, for some parameter value

ε = ε0, there is one eigenvalue lying on the imaginary axis with a single corresponding eigenfunction v0.

Finally, hypothesis (iii) supposes that the equation (1.1) has nondegenerate dependence on the parameter ε

at ε = ε0.

These hypotheses together tell us that the change in stability at ε = ε0 corresponds to a transverse inter-

section between the trivial state u ≡ 0 and some non-trivial bifurcating solution u = u∗(x). We are then

able to apply local and global bifurcation results to prove the existence of non-trivial fully localised patterns

along a continuous bifurcation curve

C = {(ε, u) = (E(s), v(s)) : s ∈ R}.

Here, E(0) = ε0, v(0) = 0, v′(0) = v0, and the curve C possesses a local analytic parametrisation around each

of its points. The local and global bifurcation results are proven in an open subspace (ε, u) ∈ U ⊆ Λ ×X,

and so a solution u = v(s) of (1.1) will remain spatially localised along the curve C.
1One must restrict to some subspace X of H2m(Rd;RN ) in order to remove innate symmetries of the problem and obtain a

one-dimensional kernel in hypothesis (ii).
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To illustrate our method, we consider the two-dimensional Swift–Hohenberg equation given by

∂tu = −[(1 + ∆)2 + ε2]u+ 2 ε2 V (|x|)u+ f(u), with V (r) =

{
1, r < R,

0, r > R.
(1.2)

where u = u(t,x) ∈ R, x ∈ R2, R > 0 denotes the width of the potential V , and f is real-analytic with

f(0) = f ′(0) = 0. This equation naturally destabilises the trivial state in a finite circle of radius R while

outside this region the trivial state is linearly stable. While (1.2) is a considerably simpler model than the

general PDE system (1.1), the theory presented in later sections either follows identically or can be extended

to (1.1) (under the assumption that hypotheses (i)-(iii) are satisfied); see Remark 1.3 at the end of this

section for further discussion of the generality of this approach.

We seek steady solutions u = u(x) in H4
e—the subspace of functions in H4(R2) which are also even in y, i.e.

u(x, y) = u(x,−y)—where we solve the steady equation

0 = −[(1 + ∆)2 + ε2]u+ 2 ε2 V (|x|)u+ f(u), (1.3)

posed in the analogous even subspace L2
e of L2(R2). We categorise possible solutions to (1.3) by introducing

the following rotational subspaces

Xm
k :=

{
u ∈ Hm

e : u(r cos(θ + 2π
k ), r sin(θ + 2π

k )) = u(r cos θ, r sin θ) ∀ r > 0, θ ∈ T1
}
, (1.4)

for any k ∈ N and m ∈ N0 (see Remark 1.1 for the case when k = 0). We note that we can equivalently

define the spaces Xm
k as the intersections of Hm(R2;R) Sobolev spaces and Dk dihedral symmetry spaces,

where we fix the dihedral line of reflection symmetry to be the x-axis.

Remark 1.1. We define, with a slight abuse of notation, the space Xm
0 to be the subspace of Hm(R2;R)

containing axisymmetric functions u(x) = u(|x|); we likewise define D0 to be the set of axisymmetric func-

tions in this notation. We also note that Xm
1 is the entire space Hm

e but we maintain the vacuous notation

Xm
1 and D1 in order to be consistent with other values of k ∈ N0.

Remark 1.2. The rotational subspaces form chains of subspaces

Xm+n
k ⊆ Xm

k , Xm
nk ⊆ Xm

k

for any k,m, n ∈ N0. Furthermore, the dihedral space Dk represents an invariant subspace of the equation

(1.2) for each k ∈ N0.

For our particular choice of spatial heterogeneity, we are able to derive explicit characterisations for the point

spectrum of the linearisation of (1.2) about the trivial solution. In particular, we determine that eigenvalues

λ = ε2λ̃ solve the implicit relation

Fk(R, ε, λ̃) = Re
[
ei sin

−1(λ̃)W [Jk(α+r),H
(1)
k (βr)](R)W [Jk(α−r), H

(1)
k (βr)](R)

]
= 0

for some k ∈ N0 and fixed ε,R > 0. Here, α± :=

√
1± ε

√
1− λ̃, β :=

√
1 + i ε

√
1 + λ̃; Jk, H

(1)
k are the

k’th order Bessel functions of the first and third kind; and W [·, ·] denotes the weighted Wronskian function

given by

W [u, v](r) := r (u(r) v′(r)− u′(r) v(r)) .

We numerically observe that there are infinitely many bifurcation points ε = εk,n for k ∈ N0 and n ∈ N, and
that the parameter R (corresponding to the width of the potential V ) can be chosen such that the above

hypotheses are satisfied.
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Figure 2: (a) A schematic bifurcation diagram showing different types of localised dihedral patterns bifurcating off

the trivial state. (b) A local bifurcation curve (b1) can be extended to a global bifurcation curve (b2) using analytic

bifurcation theory. In particular, the analytic curves that emanate from the local bifurcation either: (i) blow up in

their norm, (ii) collide with the boundary ε = 0, (iii) form closed loops, or (iv) lose compactness.

Our aim is then to prove the schematic picture shown in Figure 2(a). We note that we prove the existence

of fully localised patterns with Dk symmetry for any k ∈ N0, and not just the D0, D1 and D6 localised

patterns shown in Figure 2(a). We employ analytic bifurcation theory in order to prove the existence of the

bifurcating localised patterns, as illustrated in Figure 2(b); we first prove the existence of a unique non-trivial

solution branch in a neighbourhood of the bifurcation point (Figure 2(b1)), which we call the local branch,

before extending solutions to large amplitude (Figure 2(b2)), which we call the global branch. The global

solution branch is either unbounded, approaches the ε = 0 axis, forms a closed loop, or loses compactness,

as shown in Figure 2(i)-(iv). In the case of radially symmetric patterns, we are able to prove that the global

solution branch never loses compactness; an equivalent result for non-radially symmetric patterns remains

an open problem.

We present two main theorems for the existence and stability of fully localised 2D pattern solutions to (1.2).

We begin by informally stating our existence result, where we refer to Theorems 3.3 and 3.9 for the precise

statements.

Result 1 (Existence). Fix k ∈ N0 and R > 0. For any ε0 that is a simple root of Fk(R, ε0, 0) = 0 (and is

not a root for any other k ∈ N0), there exists a localised solution u ∈ X4
k which bifurcates from (ε, u) = (ε0, 0)

and continues to a global solution branch.

Amongst the many bifurcating solutions we are considering, we are particularly interested in the initial

destabilisation of the trivial state. We call this point the primary bifurcation, corresponding to the the

minimum value of ε that solves Fk(R, ε, 0) = 0 for some k ∈ N0. We will presently observe that the

primary branch consists of qualitatively different solutions for different parameter values, alternating between

axisymmetric and non-axisymmetric profiles as R increases.

We prove the linear (in)stability of localised solutions to (1.2) near their bifurcation, where we note qualitative

differences between the primary and non-primary bifurcation points. We again present an informal version

of our stability result here and refer the reader to Lemma 3.6 for more details.

Result 2 (Stability). Near the primary bifurcation point, the bifurcating solution is linearly stable if ε > ε0
and unstable if ε < ε0. Subsequent bifurcation points only yield locally unstable branches.

We briefly discuss how Results 1 and 2—proven for the Swift–Hohenberg equation (1.2)—can be extended

to more general PDE systems of the form (1.1).

Remark 1.3. Suppose we consider fully localised solutions to (1.1), where we assume
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• Lε(·) is given by an m’th order polynomial, so that Lε(∆) : H2m(Rd;RN ) → L2(Rd;RN );

• Nε is a real-analytic function with Nε(0) = N ′
ε(0) = 0 for all ε ∈ Λ, so that the linearisation of (1.1)

is given by (Lε(∆) + Vε)u;

• m > d/4, so that H2m(Rd;RN ) is a Banach algebra and hence Nε : H2m(Rd;RN ) → L2(Rd;RN )

analytically;

• Vε is chosen so that lim|x|→∞ Vε(x) = 0, and the multiplication operator u 7→ Vε u maps from

H2m(Rd;RN ) to L2(Rd;RN ); and

• Lε, Vε,Nε are each analytic in ε ∈ Λ.

Then, hypotheses (i-iii) guarantee that (1.1) satisfies the conditions for a Crandall-Rabinowitz local bifurca-

tion. Since any solution ϕ ∈ H2m(Rd;RN ) decays to zero as |x| → ∞, the linearisation about ϕ possesses

the same Fredholm properties as Lε(∆) which, coupled with the analytic dependence of (1.1) on (ε, u), allows

one to also globally continue the local bifurcation curves to large amplitude. For radially-symmetric patterns,

our proof that global branches do not lose compactness also applies directly to (1.1) under the assumptions

above.

The key difficulty in considering the general PDE system (1.1) is verifying hypotheses (ii) and (iii). Our

choice of a piecewise-constant, radially-symmetric potential V in (1.2) allows for the explicit analysis of the

point spectrum of L in Lemma 2.4; even extending our analysis to a potential without radial symmetry results

in a significantly more difficult eigenvalue problem, which may not be analytically tractable.

The paper is outlined as follows. In §2 we characterise the linear spectrum of (1.2) and prove certain

properties required for our bifurcation results. We then present our local and global bifurcation theorems

in §3, where we also prove the type of bifurcation and local stability of the bifurcating solutions. We finally

conclude and discuss open problems in §4.

2 Spectral properties of the linear operator

We begin by considering the linear stability of solutions to (1.2). In particular, we analyse the stability of

a general solution ϕ ∈ H4
e—including the trivial solution ϕ ≡ 0—with respect to continuous perturbations,

thus characterising the essential spectrum of the linear problem (§2.1). We then characterise the point

spectrum of the linear problem by constructing the eigenvalues and critical eigenfunctions that determine

the stability of the trivial solution (§2.2).

We consider the linear operator L, given by

Lu = −(1 + ∆)2u− ε2 u+ 2 ε2 V (|x|)u (2.1)

as well as the linearisation Lϕ of (1.2) about a function ϕ ∈ H4
e , given by

Lϕu = −(1 + ∆)2u− ε2 u+ 2 ε2 V (|x|)u+ f ′(ϕ(x))u. (2.2)

2.1 Essential spectrum

We note that (2.1) is a special case of (2.2) with ϕ ≡ 0, and so we present the following result for the general

linear operator Lϕ with ϕ ∈ H4
e .

Lemma 2.1. Fix ε,R > 0 and suppose that ϕ ∈ H4
e . The linear operator Lϕ : H4

e → L2
e given by (2.2) is a

Fredholm operator with index 0. In particular, σess(Lϕ) = (−∞,−ε2], where σess(Lϕ) denotes the essential

spectrum of Lϕ.
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Proof. We first note that the operator Lϕ can be decomposed into three operators T ,KV ,Kϕ : H4
e → L2

e by

Lϕ = T +KV +Kϕ, where

T u = −[(1 + ∆)2 + ε2]u, KV u = 2 ε2 V (|x|)u, Kϕu = f ′(ϕ(x))u.

Using the fact that V (|x|)u ∈ H4(BC), where BC denotes the open ball of radius C about the origin, and

applying the Rellich–Kondrachov theorem, we conclude that KV : H4
e → L2

e is a compact operator. Likewise,

since f is real analytic and ϕ ∈ H4
e , we conclude that f ′(ϕ) ∈ H4

e and thus, by Lemma B.1, Kϕ : H4
e → L2

e

is also compact. It follows that Lϕ is Fredholm if and only if T is Fredholm. Using the two-dimensional

Fourier transform, we note that the operator T is unitarily equivalent to multiplication by its symbol

T̂ = −(1− |k|2)2 − ε2, k ∈ R2

and so we conclude that the operators T and Lϕ are Fredholm with index 0 for all ε > 0. Since the essential

spectrum is preserved under compact perturbations, it follows that σess(Lϕ) = σess(T̂ ) = (−∞,−ε2].

Remark 2.2. The linear operator L2 : H2
e ×H2

e → L2
e × L2

e , given by

L2u =

(
∆+ 1 −1

ε2 − 2 ε2 V (|x|) ∆ + 1

)
u,

is isomorphic to L by the mapping S : H4
e → H2

e × H2
e , u 7→ (u, (1 + ∆)u), and thus is also a Fredholm

operator with index zero. One would thus expect the results presented herein to extend to reaction-diffusion

systems without significant changes.

2.2 Point spectrum

In the previous section, we determined that the linear operator L : H4
e → L2

e is a Fredholm operator with

index 0 for ε > 0 and, in particular, that σess(L) = (−∞,−ε2]. This tells us that the essential spectrum of

L is bounded away from 0, and so any changes in the linear stability of L must be driven by eigenvalues

crossing the imaginary axis.

We now characterise the point spectrum of L by considering the linear eigenvalue problem λu = Lu, where
u ∈ H4

e is an eigenfunction of L with associated eigenvalue λ ∈ C. For notational simplicity, we introduce

some λ̃ ∈ C, with λ = λ̃ ε2, and consider the scaled eigenvalue problem

ε2 λ̃ u = −(1 + ∆)2u− ε2u+ 2 ε2 V (|x|)u. (2.3)

Lemma 2.3. Fix R > 0 and ε > 0. The eigenvalue problem (2.3) possesses a separable solution u = uk ∈ H4
e

given by uk(r cos θ, r sin θ) = vk(r) cos(kθ) with

vk(r) =


cos(ϕ+ ψ)

Jk(α+ r)

Jk(α+R)
+ cos(ϕ− ψ)

Jk(α− r)

Jk(α−R)
, r < R,

√
2

√
1− λ̃Re

(
eiϕ

H
(1)
k (βr)

H
(1)
k (βR)

)
, r > R,

where α± :=

√
1± ε

√
1− λ̃, β :=

√
1 + i ε

√
1 + λ̃; Jk, H

(1)
k are the k’th order Bessel functions of the first

and third kind; ψ is given by ψ = 1
2 sin

−1(λ̃) + π
4 ; ϕ is given by

e2iϕ = i e−i sin−1(λ̃)W [Jk(α+r), H
(1)
k (βr)](R)H

(1)
k (βR)

W [Jk(α+r),H
(1)
k (βr)](R)H

(1)
k (βR)

;

7



Figure 3: Radial profiles (resp. planar profiles) of linear eigenfunctions vk,n(r) (uk,n(x)) are plotted for R = 8 and

(a) ε = ε0,1, (b) ε = ε1,1, and (c) ε = ε6,1.

W [·, ·] denotes the weighted Wronskian function given by

W [u, v](r) := r (u(r) v′(r)− u′(r) v(r)) ;

and λ̃ = λ̃(R, ε) satisfies

Fk(R, ε, λ̃) = Re
[
ei sin

−1(λ̃)W [Jk(α+r),H
(1)
k (βr)](R)W [Jk(α−r), H

(1)
k (βr)](R)

]
= 0

with λ̃ /∈ (−∞,−1].

The proof of this lemma is given in Appendix B; we illustrate examples of the linear eigenfunctions u = uk,n in

Figure 3. We highlight the respective D0 and D1 eigenfunctions u0,1 and u1,1, plotted in Figures 3 (a) and (b),

which we refer to as the ‘axisymmetric spot’ and ‘dipole’ patterns. The equation Fk(R, ε, λ̃) = 0 implicitly

defines eigenvalues λ̃ = λ̃(R, ε) for fixed R, ε > 0, and the associated bifurcation equation Fk(R, ε, 0) = 0

equivalently defines bifurcation points ε = ε(R) for a fixed R > 0. While we do not obtain an explicit form

for the eigenvalues λ̃, we are able prove the following qualitative properties.

Lemma 2.4. An eigenvalue λ̃ ∈ C of (2.3) satisfies the following properties:

(i) λ̃ ∈ R and −1 < λ̃ ≤ 1 for all R, ε > 0;

(ii) λ̃→ −1 as R→ 0 for any fixed ε > 0; and

(iii) for each k ∈ N0 and sufficiently large R with ε = ε̃ R−1, there are countably many eigenvalues {λ̃k,n}∞n=1

which solve the implicit equation

ε̃ =
2 sin−1(λ̃k,n) + (2n− 1)π

2
√
1− λ̃k,n

.

The eigenvalue λ̃k,n is a monotone increasing function of ε̃ for each n ∈ N.

Proof. We begin by deriving simple a priori estimates for an eigenvalue of (2.3). The operator L is symmetric

with respect to the complex L2-inner product and so it follows that λ̃ ∈ R. Assuming that u satisfies (2.3)

for some λ̃ ∈ R, we take the L2-inner product of (2.3) with u and, applying Green’s identities, obtain

λ̃ = 2
∥V u∥2

∥u∥2
− ∥(1 + ∆)u∥2

ε2 ∥u∥2
− 1. (2.4)

8



Figure 4: (a) The most unstable eigenvalues λ of L for k = 0, 1, 2, 3 are numerically computed and plotted for R = 5

and ε > 0; (b) - (e) a cartoon of the spectrum of the linear operator L is presented for critical values of ε, where only

the essential spectrum and the four most unstable eigenvalues are shown.

It follows from the simple estimate ∥V u∥2 ≤ ∥u∥2 that λ̃ ≤ 1, where we recall that λ̃ > −1 follows from

Lemma 2.3. Furthermore, we note that

∥V u∥2 =

∫
BR

|u(x)|2 dx → 0 as R→ 0

and so there exists some R0(ε) > 0 such that λ̃ < 0 for all R ≤ R0 and fixed ε > 0.

We recall from Lemma 2.3 that an eigenvalue λ̃ of (2.3) must satisfy

Fk(R, ε, λ̃) = Re
[
ei sin

−1(λ̃)W [Jk(α+r),H
(1)
k (βr)](R)W [Jk(α−r), H

(1)
k (βr)](R)

]
= 0

for some k ∈ N0, and we note the following asymptotic expansions:

(a) for fixed ε > 0

Fk(R, ε, λ̃) =
4

π2

(
α+ α−

|β|2

)k √
1− λ̃2 +O(R)

as R→ 0; and

(b) for fixed ε = ε̃ R−1 with fixed ε̃ > 0

Fk(R, ε̃R
−1, λ̃) =

4

π2
e−

√
1+λ̃ ε̃ cos

(
sin−1(λ̃)−

√
1− λ̃ ε̃

)
+O(R−1)

as R→ ∞.

It follows that λ̃2 → 1 as R→ 0 for fixed ε > 0, where the a priori estimates tell us that in fact λ̃→ −1.

In the case when ε = ε̃ R−1 and R→ ∞, the eigenvalue λ̃ satisfies

ε̃ = gk,n(λ̃) :=
2 sin−1(λ̃) + (2n− 1)π

2
√

1− λ̃

for any n ∈ N. We note that sin−1(λ̃) > −π
2 for λ̃ ∈ (−1, 1), and so gk,n(λ̃) > 0 for each n ∈ N. Furthermore,

g′k,n(λ̃) =
1√

1− λ̃2
√
1− λ̃

+
1

2(1− λ̃)
gk,n(λ̃) >

1√
1− λ̃2

√
1− λ̃

> 0

and so gk,n is a strictly monotone increasing positive function. It follows that as R→ ∞ there is a countably

infinite family of eigenvalues λ̃k,n = fk,n(ε̃) := g−1
k,n(ε̃) for n ∈ N. Additionally, the function fk,n is also

strictly monotone increasing, and so each λ̃k,n increases as ε̃ increases.

9



Figure 5: Implicit curves of Fk(R, ε, 0) = 0 for (a) k = 0, 1, . . . , 5 and (b) k = 0, 1, . . . , 150. The label Dk indicates

the smallest dihedral group in which the linear eigenfunction u = uk,n lies, and the dotted black lines indicate the

asymptotic curve ε = (2n−1)π
2R

. (c) As R passes between 2.6 and 2.8, the primary bifurcation swaps from the D0

pattern to the D1 pattern. (d) At R = 7.5 the D6 pattern is an isolated root of Fk(R, ε, 0) = 0.

Property (iii) in Lemma 2.4 states that, for R sufficiently large, the eigenvalues of (3.3) are monotone

increasing in ε; we also numerically observe this behaviour for moderate values of R, as shown in Figure 4(a).

We note that, while λ̃k,n appears independent of the value of k ∈ N0 in the asymptotic regime, the eigenvalues

will vary in both n and k for moderate values of R. The qualitative behaviour of the spectrum of L is

illustrated in Figure 4(b-e), where the essential spectrum (given by σess(L) = (−∞,−ε2]) moves to the left

as ε increases and point spectra move to the right, causing additional bifurcations as each eigenvalue crosses

the imaginary axis.

We introduce the label εk,n to be the value of ε where λ̃k,n = 0. For sufficiently large values of R, we obtain

that εk,n = (2n−1)π
2R for all k ∈ N0 and n ∈ N; we again numerically observe that each εk,n persists for

moderate values of R and varies in both n and k, as shown in Figure 5. In particular, we plot in Figure 5(a)

the implicit curves for Fk(R, ε, 0) = 0 and observe that, while each implicit curve converges to a monotonic

curve εk,n = (2n−1)π
2R as R→ ∞, the curves exhibit greater oscillations for moderate values of R.

In order to use Crandall–Rabinowitz bifurcation theory, we require that the kernel of L is one dimensional at

the bifurcation point. This is equivalent to saying that, for a given value of R, the curves in Figure 5(a-b) do

not intersect one another for all k ∈ N0. While it may be possible to prove this holds for certain parameter

regimes, we instead present the following hypothesis which we motivate by Figure 5.

Hypothesis 1. We suppose that, for our choice of R > 0 and k ∈ N0, the kernel of L : H4
e → L2

e at ε = εk,n
is entirely spanned by the eigenfunction uk,n ∈ X4

k given in Lemma 2.3.

We present the following analytic predictions based on Lemma 2.4 and Figure 5, which we will verify

numerically in Section 3.1. We first note that as R passes from R = 2.6 to R = 2.8, the primary bifurcating

eigenfunction alternates from the axisymmetric spot u0,1 to the dipole pattern u1,1, plotted in Figures 3(a)

and (b), respectively. Furthermore, we note that Figure 5(b) suggests that one can choose a value of R such

that at a given bifurcation point ε = εk,n the linear operator L has a one-dimensional kernel; in particular,

we predict that u6,1 (plotted in Figure 3(c)) appears to satisfy this condition for R = 7.5, as shown in

Figure 5(d).

10



3 Bifurcation results

We now prove the existence of fully localised patterns bifurcating from trivial state. We formulate (1.2) as

the bifurcation problem

0 = F (ε, u) := −(1 + ∆)2u− ε2u+ 2 ε2 V (|x|)u+ f(u) (3.1)

and prove the existence of a non-trivial solution curve (ε, u) = (E(s), v(s)) parametrised by some s ∈ R, first
in a local neighbourhood of the bifurcation point (with |s| ≪ 1) in §3.1, before extending to a global solution

curve of large amplitude patterns (with s ∈ R) in §3.2.

3.1 Local bifurcation

We begin by proving the existence of a unique bifurcation branch in a neighbourhood of the point (ε, u) =

(εk,n, 0), which we call the local bifurcation branch. We will use an analytic version of the Crandall–

Rabinowitz theorem (cf. Buffoni and Toland [13, Theorem 8.3.1]), which we state as Theorem A.1 in the

appendix. In order to prove that a local bifurcation occurs, we need to verify the following conditions:

(i) L : H4
e → L2

e is a Fredholm operator of index zero at ε = εk,n,

(ii) ker(L) = span{uk,n} at ε = εk,n, and

(iii) the transversality condition P(d1d2F [εk,n, 0](1, uk,n)) ̸= 0 holds, where P : L2
e → L2

e is a projection

with Im(L) = ker(P).

Conditions (i) and (ii) were considered in Section 2 and so it remains to prove that condition (iii) holds.

We begin by noting the following characterisation of the projection operator P.

Remark 3.1. Suppose L is a symmetric operator with respect to some inner product ⟨·, ·⟩; i.e,

⟨Lu1, u2⟩ = ⟨u1,Lu2⟩, ∀u1, u2 ∈ X,

and ker(L) = span(v0). There exists a projection P with Im(L) = ker(P) given by

P u =
⟨v0, u⟩
⟨v0, v0⟩

v0.

We are now able to prove the following lemma regarding the transversality condition (iii).

Lemma 3.2. Suppose that ker (L) = span{v0} for some ε0 > 0 and v0 ∈ H4
e . It follows that

P(d1d2F [ε0, 0](1, v0)) = 0 ⇐⇒ v0 = 0.

Proof. We prove this statement in two steps. We first show that P(d1d2F [ε0, 0](1, v0)) = 0 is equivalent to

(1+∆)v0 = 0 for v0 ∈ ker (L), before then proving that (1+∆)v0 = 0 if and only if v0 = 0 for any v0 ∈ H4
e .

We note that L is symmetric with respect to the standard real-valued L2 inner product; i.e.,

⟨Lu1, u2⟩L2 = ⟨u1,Lu2⟩L2 , ∀u1, u2 ∈ H4
e

and so it follows that we can define P as

P u =
⟨v0, u⟩L2

∥v0∥2L2

v0,

11



as stated in Remark 3.1. Noting that d1d2F [ε0, 0](1, v) = −2ε0 [−1 + 2V (|x|)] v = 2
ε0
(L + (1 + ∆)2)v, we

obtain

P (d1d2F [ε0, 0](1, v0)) =
⟨v0, 2

ε0
(L+ (1 +∆)2)v0⟩L2

∥v0∥2L2

v0 =
2

ε0

⟨v0, (1 + ∆)2 v0⟩L2

∥v0∥2L2

v0 =
2

ε0

∥(1 + ∆) v0∥2L2

∥v0∥2L2

v0,

and so P (d1d2F [ε0, 0](1, v0)) = 0 if and only if v0 (1+∆)v0 = 0. For any function v ∈ H1(Rn;R) satisfying
(1 + ∆)v = 0, we note that Pokhozhaev’s identity (cf. Berestycki and Lions [8, (2.1)])

n− 2

2
∥∇v∥2L2(Rn) =

n

2
∥v∥2L2(Rn)

holds for each n ∈ N and thus, for v0 ∈ H4
e satisfying (1 + ∆)v0 = 0 we obtain

∥v0∥2L2 = 0

which implies that v0 = 0.

We now present our existence theorem for the local bifurcation curve.

Theorem 3.3 (Local bifurcation). Fix R > 0, k ∈ N0 and n ∈ N such that Hypothesis 1 holds for ε = εk,n.

A bifurcation occurs at ε = εk,n; that is, for some δ > 0, there exist neighbourhoods N ⊂ R of εk,n and

V ⊂ H4
e of 0, and analytic functions E : (−δ, δ) → N , v : (−δ, δ) → V such that all nontrivial solutions to

(3.1) in U := N × V lie on the solution branch

Cδ := {(E(s), v(s)) : s ∈ (−δ, δ)} , (3.2)

with E(0) = εk,n, v(0) = 0 and v′(0) = uk,n.

Proof. The existence of a (unique) local bifurcation curve follows directly from Theorem A.1 with X = H4
e ,

Y = L2
e , ε0 = εk,n, v0 = uk,n, and F (ε, u) given by (3.1). Condition (i) follows from Lemma 2.1, (ii) from

Lemma 2.3 and Hypothesis 1, and (iii) from Lemma 3.2.

Having proved the local existence of bifurcating solutions to (1.2), we now present additional results regarding

the characterisation of the local solution branch Cδ. We begin by considering the rotational invariance of

solutions along each local bifurcation branch; we recall the rotational subgroups X4
k defined in (1.4), referring

to Remark 1.1 for the cases k = 0, 1, and prove the following result.

Corollary 3.4. Fix R > 0, k ∈ N0 and n ∈ N as in Theorem 3.3. There exists some 0 < δ∗ ≤ δ such that

any solution (ε, u) to (3.1) along the local bifurcation curve Cδ∗ ⊆ Cδ lies in the rotational subspace R×X4
k .

Proof. The existence of a local bifurcation curve Cδ∗ ⊆ R ×X4
k follows from respectively replacing H4

e and

L2
e with X4

k and X0
k in the proof of Theorem 3.3. Since X4

k is a subspace of H4
e , we conclude that this

bifurcation curve and the curve obtained in Theorem 3.3 are equivalent, by uniqueness in H4
e .

Utilising the analytic properties of the local bifurcation curve, we also apply a supplementary theorem

presented in Groves and Horn [33, Theorem 4.1] to characterise the local bifurcation curve Cδ. We state this

result as Theorem A.2 in the appendix, which we apply in the following corollary.

Corollary 3.5. Fix R > 0, k ∈ N0 and n ∈ N as in Theorem 3.3, so that a local bifurcation occurs at

ε = εk,n, with Taylor expansions

ε = εk,n + s ε1 + s2 ε2 +O(s3), u(x) = s uk,n(x) + s2 v1(x) +O(s3)

for |s| < δ, ε1, ε2 ∈ R, and v1 ∈ ker(Q), where Q : L2
e → L2

e is a projection with Im(Q) = ker(L).

12



The coefficient ε1 is given by

ε1 = − εk,n
2

f ′′(0)
⟨uk,n, u2k,n⟩L2

∥(1 + ∆)uk,n∥2L2

.

and the bifurcation is transcritical if ε1 ̸= 0. If ε1 = 0, the coefficient ε2 is given by

ε2 = − εk,n
2

f ′′(0)
⟨uk,n, uk,n v1⟩L2

∥(1 + ∆)uk,n∥2L2

− εk,n
4

f ′′′(0)
∥uk,n∥4L4

∥(1 + ∆)uk,n∥2L2

and the bifurcation is a subcritical (supercritical) pitchfork if ε2 < 0 (ε2 > 0). In particular, ε1 = 0 for all

k ̸= 0.

Proof. The characterisation of the local bifurcation curve follows directly from Theorem A.2, where we note

that for k ̸= 0 we obtain u2k,n(r cos(θ), r sin(θ)) =
1
2v

2
k,n(r) +

1
2v

2
k,n(r) cos(2kθ) and so, by the orthogonality

of the angular Fourier modes, it follows that

ε1 = − εk,n
2

f ′′(0)
⟨uk,n, u2k,n⟩L2

∥(1 + ∆)uk,n∥2L2

= 0

for any k, n ∈ N.

We now consider the stability of solutions along the local branch Cδ. In particular, we prove the spectral

(in)stability of local bifurcating solutions for transcritical, subcritical, or supercritical bifurcations.

Lemma 3.6. Fix R > 0, k ∈ N0 and n ∈ N as in Theorem 3.3, so that a local bifurcation occurs at ε = εk,n,

with bifurcating profile u(x) = s uk,n(x) + O(s2) for |s| < δ. If ε = εk,n is the primary bifurcation point,

then the bifurcation curve consists of

(i) 1 stable and 1 unstable branch if the bifurcation is transcritical;

(ii) 2 stable branches if the bifurcation is a supercritical pitchfork; and

(iii) 2 unstable branches if the bifurcation is a subcritical pitchfork.

Each subsequent local bifurcation curve consists of solely unstable branches.

Proof. We only consider the primary bifurcation branch where the trivial state first destabilises; the eigen-

values of the bifurcating solution will be a small perturbation of the eigenvalues of the trivial state (cf. Kato

[51, Theorem VIII-2.6]), and so each bifurcating solution will be unstable for an unstable trivial state.

We consider the eigenvalue problem for the linearisation of (1.2) about the solution u = v(s)

λw = Lv(s) w = −(1 + ∆)2w − ε2w + 2ε2 V (|x|)w + f ′(v(s))w (3.3)

where we take λ = λ∗ to be the most unstable eigenvalue; i.e.,

Re(λ∗) > Re(λ) for all λ ∈ σ(Lv(s))\{λ∗}.

Since we have assumed that the trivial state destabilises at the bifurcation point, it follows that λ∗|s=0 = 0.

We note that λ∗|s=0 = 0 is simple, by Hypothesis 1, and so there exists an analytic function Λ : (−δ, δ) → R
such that λ∗ = sΛ(s) in a neighbourhood of the curve Cδ (see Kato [51, VII-§3.2]). We consider the following

Taylor expansions

v(s) = uk,n s+

∞∑
n=1

vn s
n+1, E(s) = εk,n +

∞∑
n=1

εn s
n, Λ(s) = λ0 +

∞∑
n=1

λn s
n,
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Figure 6: Stability of the primary bifurcating branch for (a) transcritical, (b) supercritical pitchfork, and (c) subcrit-

ical pitchfork bifurcations from the trivial state. Here solid and dashed lines indicate stable and unstable solutions,

respectively.

where v1, v2, · · · ∈ ker(Q), ε1, ε2, · · · ∈ R and λ0, λ1, · · · ∈ R, such that

u = v(s), ε = E(s), λ = sΛ(s), s ∈ (−δ, δ)

for some δ > 0. Expanding (3.3) in powers of s ∈ (−δ, δ), we obtain

O(1) : 0 = − (1 + ∆)2w − ε2k,nw + 2 ε2k,n V (|x|)w,
O(s) : λ0w = − 2 εk,n ε1w + 4 εk,n ε1 V (|x|)w + f ′′(0)uk,n w,

O(s2) : λ1w = −
(
ε21 + 2εk,n ε2

)
[−1 + 2V (|x|)]w + f ′′(0) v1 w +

1

2!
f ′′′(0)u2k,n w,

The first equation yields w = uk,n, resulting in the condition

λ0⟨uk,n, uk,n⟩L2 = ε1 ⟨uk,n, d1d2F [εk,n, 0](1, uk,n)⟩L2 + f ′′(0) ⟨uk,n, u2k,n⟩L2 ,

and so

λ0 =
2 ε1
εk,n

∥(1 + ∆)uk,n∥2L2

∥uk,n∥2L2

+ f ′′(0)
⟨uk,n, u2k,n⟩L2

∥uk,n∥2L2

.

Note the critical case when λ0 = 0 is the condition that characterises a transcritical bifurcation in Theo-

rem A.2. For λ0 ̸= 0, we see that λ = sΛ(s) changes sign at s = 0 for |s| ≪ 1, and so one bifurcating branch

is stable and the other is unstable.

If ⟨uk,n, u2k,n⟩L2 = 0, we instead set ε1 = 0 and obtain the leading-order condition

λ1 =
2 ε2
εk,n

∥(1 + ∆)uk,n∥2L2

∥uk,n∥2L2

+ f ′′(0)
⟨uk,n, uk,n v1⟩L2

∥uk,n∥2L2

+
1

2!
f ′′′(0)

∥uk,n∥4L4

∥uk,n∥2L2

where the critical case λ1 = 0 is the condition that characterises a pitchfork bifurcation in Theorem A.2. If

f ′′(0) ⟨uk,n, uk,n v1⟩L2+ 1
2! f

′′′(0) ∥uk,n∥4L4 > 0, then the pitchfork bifurcation is subcritical and the bifurcating

branches are unstable. Conversely, if f ′′(0) ⟨uk,n, uk,n v1⟩L2 + 1
2! f

′′′(0) ∥uk,n∥4L4 < 0, then the pitchfork

bifurcation is supercritical and the bifurcating branches are stable.

Thus, we obtain the expected stability behaviour associated with transcritical and pitchfork bifurcations; the

axisymmetric solution bifurcates along a stable and unstable branch when f ′′(0)⟨uk,n, u2k,n⟩L2 ̸= 0, whereas

the non-axisymmetric branch (or the axisymmetric branch with f ′′(0)⟨uk,n, u2k,n⟩L2 = 0) bifurcates along

two stable or two unstable branches, depending on the criticality of the pitchfork; see Figure 6.

Remark 3.7. We note that Lemma 3.6 holds when restricted to any rotational subspace X4
k that Cδ lies in.

This provides additional information regarding the stability of bifurcating solutions with respect to different

dihedral perturbations.

As an example, suppose the first two bifurcation points are of the form ε = ε1,1, ε0,1, with each respective

solution u = u1,1, u0,1 bifurcating supercritically. Then, in the full space H4
e Lemma 3.6 states that the

solution u = u1,1 is linearly stable close to its bifurcation point and u = u0,1 is unstable. If we instead

restrict to the space of axisymmetric functions, then u = u1,1 is no longer a valid solution and so u = u0,1 is
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Figure 7: Numerical simulations of (1.2) with f(u) = ν u2 − u3. Columns indicate (Left) R = 2.6, (Centre) R = 2.8,

and (Right) R = 7.5, while rows indicate (Top) ν = 0 and (Bottom) ν = 0.4. The blue, red and green curves

are the solution branches for localised D0, D1 and D6 patterns, respectively, and solid/dashed lines indicate linearly

stable/unstable solutions.

the primary branch and thus linearly stable by Lemma 3.6. It follows that, in this case, u = u0,1 is linearly

stable with respect to all dihedral and axisymmetric perturbations (i.e. perturbations within the Dk symmetry

group for k ̸= 1) but is unstable in H4
e , while the solution u = u1,1 is linearly stable for all perturbations in

H4
e .

Remark 3.8. For particular choices of the nonlinearity f(u), we can immediately predict the bifurcation

structure of these localised patterns. In particular, for f(u) = −u3 (or, indeed, any analytic function f with

f ′′(0) = 0 and f ′′′(0) < 0) every bifurcation will be a supercritical pitchfork, and so the primary bifurcating

branches will both be stable.

We augment our analysis with numerical simulations (using codes available at [42]) of (1.2) with f(u) =

νu2−u3, which we present in Figure 7. We consider three cases R = 2.6, 2.8, 7.5 for the width of the potential

V , corresponding to the three regimes highlighted in Figure 5, and two choices ν = 0, 0.4 of the quadratic

coefficient. As predicted, we observe that the primary bifurcation branch is linearly stable to the right of

the bifurcation point and unstable to the left, and Figures 7(a-b) and (d-e) show that the primary branch

changes from the D0 spot to the D1 dipole pattern as R passes from 2.6 to 2.8. Furthermore, Figures 7(c)

and (f) show that a D6 branch bifurcates for R = 7.5, as predicted in Figure 5(d).

We note that, by including the quadratic coefficient ν = 0.4, the D0 branch changes from a supercritical

pitchfork to a transcritical bifurcation, while the D1 branch changes from a supercritical to a subcritical

pitchfork when R = 2.8; in contrast, the D1 branch remains unchanged for R = 2.6, as does the D6 branch

for R = 7.5. While the D1 branch is qualitatively the same in Figures 7(a) and (d), and likewise the D6

branch in Figures 7(c) and (f), we emphasise that the solution profiles qualitatively change as ν increase

from 0 to 0.4. We note that when R = 2.8, such that the primary branch is the D1 dipole pattern, the D0

branch is initially unstable but then restabilises as a pair of unstable D1 branches emerge from a secondary

bifurcation; see Figures 7(b) and (e).
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3.2 Global bifurcation

We now prove that the local bifurcation curves found in the previous section can be continued away from

the bifurcation point; we call these global bifurcation branches, and use the analytic global implicit function

theorem of Chen, Walsh and Wheeler [19, Theorem B.1] (which we present as Theorem A.3 in the appendix)

in order to prove their existence.

Theorem 3.9 (Global bifurcation). Fix R > 0, k ∈ N0 and n ∈ N as in Theorem 3.3, so that there

exists a local bifurcation curve Cδ passing through the point (ε, u) = (εk,n, 0). Then, there exists an open set

U ⊂ R×H4
e , with (εk,n, 0) ∈ U , such that Cδ can be extended to a global bifurcation curve C = {(E(s), v(s)) :

s ∈ R} of solutions to (3.1), where (E , v) : R → U is a continuous function. Furthermore,

(a) C has a local analytic parametrisation around each of its points;

(b) any locally analytic bifurcation curve in U which includes the point (εk,n, 0) is contained in C; and

(c) one of the following alternatives occurs:

I: C is unbounded;

II: C approaches the boundary of U ;

III: C forms a closed loop; or

IV: C loses compactness.

Proof. This result follows directly from Theorem A.3 with X = H4
e and Y = L2

e . Upon choosing some

(ε∗, u∗) ∈ Cδ such that the linearisation of (1.3) at (ε∗, u∗) is an isomorphism, one can apply the analytic

implicit function theorem and use theory regarding analytic curves to globally extend the local solution

branch; see, for example, the proofs of Theorem 9.1.1 in [13], Theorem 6.1 in [77], or Theorem 2.4 in [24].

One typically continues the local branch Cδ from a starting point (ε∗, u∗) ∈ Cδ which is distinct from the

point (ε0, 0); this is because either (ε0, 0) is a bifurcation point and thus the linear operator is not invertible

at ε = ε0, such as in [13, Proof of Theorem 9.1.1], or (ε0, 0) lies on the boundary of the set U , such as in

[77, Proof of Theorem 6.1].

By Lemma 2.1, Lϕ := d2F [ε, ϕ] is a Fredholm operator with index zero along the local bifurcation branch

Cδ and by Lemma 3.2 an isolated eigenvalue of Lϕ passes through zero at (ε, ϕ) = (ε0, 0). It follows that

there is a non-empty subset C∗ ⊆ Cδ along which Lϕ is an isomorphism; we choose some point (ε∗, u∗) ∈ C∗
and apply Theorem A.3.

We make the following remarks regarding Theorem 3.9.

Remark 3.10.

(i) Much like in Corollary 3.4, Theorem 3.9 holds when replacing the respective spaces H4
e and L2

e with

X4
k and X0

k , and so the global bifurcation curve is also contained in the rotational subspace R×X4
k .

(ii) We note that C having an analytic parametrisation at each point does not imply that C is smooth. In

fact, as discussed in [13, Remark 9.1.2 (3)], the curve C can possess isolated points where C is not even

continuously differentiable. We demonstrate an example where C has an isolated corner in Figure 8(iv).

(iii) Different versions of the alternatives I-III are presented in the literature (see, for example [15, Remarks

4.2 and 4.3]); in particular, Constantin, Strauss and Vărvărucă [20, Remark 8] highlight that the

alternatives presented by Buffoni and Toland [13, Theorem 9.1.1] are not exhaustive, and present
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a different formulation in their global bifurcation theorem [20, Theorem 6]. Here we use the same

formulation of the alternatives as used by Chen, Walsh and Wheeler [19, Theorem B.1], which we

present in more detail in Theorem A.3. Note that alternatives I and II are often indistinguishable

from one another and so we combine the two into alternative (i) in Theorem A.3.

(iv) In many applications one can exclude the case when C forms a closed loop in part (c), typically via

bifurcation theory on cones [13, Theorem 9.2.2] and using nodal properties of the bifurcating solu-

tion. However, in our problem we numerically observe cases where C forms a closed loop (such as in

Figure 8(iv)) and so we do not expect this to be possible in general.

(v) The loss of compactness alternative can sometimes be excluded through certain properties of solutions;

for example, Haziot and Wheeler [35] used the monotonicity of their solutions while Kozlov [53] utilised

uniform decay rates. For particular choices of nonlinear function f where one can prove that there are

no non-trivial solutions to the homogeneous problem (i.e. with V ≡ 0), such as f(u) = −u3, one might

be able to apply a concentration-compactness argument [54, 55] to eliminate the loss of compactness.

We have been unable to exclude a loss of compactness in the current setting outside of axisymmetric

patterns—which we present in the following lemma and discuss further in Section B.1 of the Appendix—

but it may be possible to further strengthen our global bifurcation result in future studies.

In the case of axisymmetric solutions u ∈ X4
0 , we obtain the following pre-compactness result.

Lemma 3.11. Let C ⊂ X4
0 be a global bifurcation curve for a localised axisymmetric solution to (1.3). Then,

alternative IV in Theorem 3.9 cannot occur.

We prove a more general version of this result (Lemma B.2) in the Appendix, where we rely on an a priori

uniform decay rate for radial functions. Such a uniform decay rate is not known for non-radial functions,

and we would not expect there to be an analogous result for all functions due to translational invariance of

the space H4(R2); for further discussion of alternative IV , see Section B.1.

We again provide numerical simulations to support our analysis, which we present in Figure 8. For fixed

R = 2.8, we can vary ν such that we obtain the three different alternatives in Theorem 3.9 for the primary D1

bifurcation. As such, we are unable to disregard any of the possible alternatives presented in Theorem 3.9.

For ν ̸= 0, the dipole pattern evolves into a combination of a radial spot and the dipole; for ν = 0.4 this

results in a loop connecting the bifurcation point to a secondary bifurcation at the radial spot, while for

ν = 1.6 the branch converges towards ε = 0. In this case the solution returns to a dipole solution but with

weakening localisation, as plotted in Figure 8 (vi). We note that each branch plotted in Figure 8 is actually

two branches, the solution and its half-period rotation, which is why the closed loop appears to be a single

branch terminating at a point. We also note that the point (iv) in Figure 8 forms an isolated corner on the

closed loop, which is permitted within Theorem 3.9 (see Remark 3.10(iii)).

We briefly comment on the boundary ε = 0; this corresponds to the parameter values at which the essential

spectrum of the linear operator L touches the imaginary axis, known as the onset of essential instability [69].

Essential instabilities are typical of homogeneous pattern-forming systems, such as the Swift-Hohenberg

equation (1.2) with V ≡ 0, where Crandall-Rabinowitz bifurcation theory can no longer be applied due to

the loss of Fredholm properties at ε = 0. There have been several studies of localised states at the onset of

essential instability in one spatial dimension, using techniques from spatial dynamics [70, 71], but extending

such analysis to higher spatial dimensions remains an open problem.

4 Discussion

In this paper we have proved the existence of large-amplitude, fully localised 2D patterns in the Swift–

Hohenberg equation with an axisymmetric spatial heterogeneity. It is somewhat remarkable that one is able
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Figure 8: Numerical simulation of the primary branch, consisting of a D1 dipole pattern, for (1.2) with f(u) = νu2−u3,

R = 2.8, and ν = 0, 0.4, 1.6. Line style and colour of branches indicates the same properties as in Figure 7. The

solution (i → ii) blows up in its norm for ν = 0, (i → iii → iv) forms a closed loop for ν = 0.4, and (i → v → vi)

approaches the boundary ε = 0 for ν = 1.6.

to do this despite there being no equivalent results in the spatially homogeneous case; indeed, the spatial

heterogeneity considered in this paper allows us to derive almost explicit characterisations of the shape of the

2D localised pattern and its linear stability near bifurcation. Despite choosing an axisymmetric heterogeneity,

non-axisymmetric localised solutions can emerge and even bifurcate as a stable localised pattern. This raises

the question of whether such patterns can be realised experimentally.

This work lays the foundation for further exploration of localised patterns induced by compact spatial

heterogeneities. A straightforward extension would be to consider the three-dimensional analogue of (1.2),

where the Fredholm properties will remain the same and the point spectrum can again be computed explicitly

using spherical harmonics and spherical Bessel functions. Replacing the step function V by a smooth potential

would be a more realistic model for spatial heterogeneities in experiments, and one would expect much of

the underlying theory of this work to persist in that case. In particular, we highlight the approach presented

by Brooks, Derks and Lloyd [11, Section 5] in which they prove the persistence of fronts in the sine-Gordon

equation from piecewise to smooth heterogeneities; we expect a similar argument to hold in this work using

the approach of van Heijster and Sandstede [75].

Different types of spatial heterogeneity can be considered, for instance, non-axisymmetric heterogeneities

like those studied in [44, 45] or an axisymmetric heterogeneity translating uniformly in space. The most

challenging part in these cases is then to explicitly compute the point spectrum of the linear operator.

Another common type of spatial heterogeneity is when u is no longer multiplying V , e.g.

∂tu = −(1 + ∆)2u− ε2u+ f(u) + δ V (x).

This type of heterogeneity is more similar to the form of heterogeneity found in the Rayleigh–Bénard con-

vection problem, where a non-uniform heat profile is applied to the bottom of the fluid. This problem has

the additional difficulty that the trivial state is no longer an equilibrium state, but the small defect case (i.e.

with |δ| ≪ 1) may still be amenable to methods presented here.

We recall that our approach is inspired by experimental and numerical studies, where a spatial heterogeneity

is added to the system in order to induce the emergence of localised patterns. However, there is a key

element of this approach which we have not considered here, namely, the persistence of these patterns. In

the ferrofluid experiment, for example, the spatial heterogeneity is subsequently removed from the system

and the induced localised spikes remain on the fluid surface. This represents a method by which one can

find localised patterns in a spatially homogeneous system by adding and removing a compact heterogeneity,

which we would like to replicate in our analysis. Mathematically, this is equivalent to finding (E(s), v(s)) ∈ C
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on the global bifurcation curve for (1.2), and then seeking solutions to the homogeneous Swift–Hohenberg

equation (i.e. (1.2) with V ≡ 0) of the form ε = E(s), u = v(s) + w with w ∈ H4
e . In particular, one would

need to solve

[(1 + ∆)2 + E2 − f ′(v)]w = −2 E2 V v +N(w; v)

for w ∈ H4
e , where N(w; v) := f(v + w) − f(v) − f ′(v)w = O(|w|2), possibly via a Newton–Kantorovich

or implicit function argument. Numerically, we observe that the remainder function w is not small relative

to v, making it difficult to rule out the trivial solution w ≡ −v (corresponding to u ≡ 0). It may still be

possible to prove the existence of a non-trivial solution—thereby solving the open problem of proving the

existence of fully localised 2D patterns—but we leave this as a future avenue to explore.

We expect the approach presented in this work to be easily extended to other types of PDE systems, and

so it would be natural to consider models that are more specific to particular experiments or phenomena.

As discussed, the ferrofluid experiment studied by Richter and Barashenkov [68] is a key motivation for

this work, and so it would be interesting to try and apply this theory to the ferrofluid problem. We note

that there have already been studies of two-dimensional neural field models with spatial heterogeneity [67],

including the case where firing rate is piecewise smooth [4, 10, 64], and so this may be a useful application

to explore in greater detail.
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A Bifurcation theorems

There are several bifurcation theorems that we have used in this work, each of which is a standard tool in

bifurcation theory. To balance accessibility and brevity, we present the full statement of each theorem that

we use and provide further references for those interested in their proofs.

In our local bifurcation theorem (Theorem 3.3) we use an analytic version of the Crandall–Rabinowitz

theorem (cf. Buffoni and Toland [13, Theorem 8.3.1]), which we state here with the notation presented by

Groves and Horn [33, Theorem 3.1].

Theorem A.1 (Crandall–Rabinowitz theorem). Let X and Y be Banach spaces, V be an open neighbourhood

of the origin in X and F : R× V → Y be an analytic function with F (ε, 0) = 0 for all ε ∈ R. Suppose also

that

(i) L := d2F [ε0, 0] : X → Y is a Fredholm operator of index zero,

(ii) ker(L) = span{v0} for some v0 ∈ X, and
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(iii) the transversality condition P(d1d2F [ε0, 0](1, v0)) ̸= 0 holds, where P : Y → Y is a projection with

Im(L) = ker(P).

The point (ε0, 0) is a local bifurcation point, that is there exist δ > 0, an open neighbourhood W of (ε0, 0) in

R × X and analytic functions v : (−δ, δ) → V , E : (−δ, δ) → R with E(0) = ε0, v(0) = 0, v′(0) = v0 such

that F (E(s), v(s)) = 0 for every s ∈ (−δ, δ). Furthermore,

W ∩N = {(E(s), v(s)) : 0 < |s| < δ},

where

N = {(ε, u) ∈ R× V \{0} : F (ε, u) = 0}.

A proof of the standard Crandall–Rabinowitz theorem can be found in the original paper by Crandall and

Rabinowitz [21, Theorem 1], while the analytic version is proved by Buffoni and Toland [13, Theorem 8.3.1].

Using the analytic properties of the local bifurcation curve, we can also apply the following supplementary

theorem presented by Groves and Horn [33, Theorem 4.1] to characterise the local bifurcation curve Cδ.

Theorem A.2. Suppose that the hypotheses of Theorem A.1 hold. In the notation of that theorem, let

Q : X → X be a projection with Im(Q) = ker(L) and the Taylor series of the functions v : (−δ, δ) → V ,

E : (−δ, δ) → R be given by

v(s) = v0 s+

∞∑
n=1

vn s
n+1, E(s) = ε0 +

∞∑
n=1

εn s
n,

where v1, v2, · · · ∈ ker(Q) and ε1, ε2, · · · ∈ R.

(i) The coefficient ε1 satisfies the equation

P
(
1

2!
d22F [ε0, 0](v0, v0)

)
+ ε1P (d1d2F [ε0, 0](1, v0)) = 0,

and the bifurcation is transcritical if ε1 is non-zero.

(ii) Suppose that ε1 = 0. The coefficient ε2 satisfies the equation

P
(
d22F [ε0, 0](v0, v1) +

1

3!
d32F [ε0, 0](v0, v0, v0)

)
+ ε2P (d1d2F [ε0, 0](1, v0)) = 0,

where v1 ∈ ker(Q) solves the equation

d2F [ε0, 0](v1) = − 1

2!
d22F [ε0, 0](v0, v0)

The bifurcation is supercritical for ε2 > 0 and subcritical for ε2 < 0.

This theorem uses the analytic properties of bifurcating solutions in order to take Taylor series expansions

for |s| ≪ 1 and characterise the bifurcation structure by standard normal forms in bifurcation theory (see,

for example Verhulst [76, Section 13.5]).

To prove our global bifurcation result (Theorem 3.9) we use the analytic global implicit function theorem

given by Chen, Walsh and Wheeler [19, Theorem B.1], which extends the global bifurcation theorem of

Buffoni and Toland [13, Theorem 9.1.1] to cases where compactness and Fredholm properties of solutions

are no longer assumed.
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Theorem A.3 (Global continuation). Let X and Y be Banach spaces, U ⊆ R×X an open set containing

a point (ε∗, u∗). Suppose that F : U → Y is real analytic and satisfies

F (ε∗, u∗) = 0, d2F [ε∗, u∗] is an isomorphism X → Y .

Then there exists a curve C that admits the global C0 parametrisation

C := {(E(s), v(s)) : s ∈ R} ⊆ F−1(0) ∩ U,

and satisfies the following.

(a) At each s ∈ R, the linear operator d2F [E(s), v(s)] : X → Y is Fredholm with index zero.

(b) One of the following alternatives holds as s→ ∞ and s→ −∞.

(i) (Blow up) The quantity

N(s) := ∥v(s)∥X + |E(s)|+ 1

dist((E(s), v(s)), ∂U)
→ ∞

(ii) (Loss of compactness) There exists a sequence {sn} with sn → ±∞ and supnN(sn) < ∞, but

(E(sn), v(sn)) has no convergent subsequence in R×X.

(iii) (Loss of Fredholmness) There exists a sequence {sn} with sn → ±∞, supnN(sn) < ∞, and

(E(sn), v(sn)) → (E0, v0) ∈ U in R×X, however d2F [E0, v0] is not Fredholm with index zero.

(iv) (Closed loop) There exists T > 0 such that (E(s+ T ), v(s+ T )) = (E(s), v(s)) for all s > 0.

(c) Near each point (E(s0), v(s0)) ∈ C, we can locally reparametrise C so that s 7→ (E(s), v(s)) is real

analytic.

(d) The curve C is maximal in the sense that, if R ⊆ F−1(0)∩U is a locally real-analytic curve containing

(ε∗, u∗) and along which d2F is Fredholm of index zero, then R ⊆ C.

For a proof of this theorem, we refer the reader to Chen, Walsh and Wheeler [19, Theorem B.1], along with

Buffoni and Toland [13, Theorem 9.1.1] for additional details.

B Additional proofs

We present several proofs regarding the spectral properties of the linear operator Lϕ given in (2.2).

We begin with a proof that multiplication by an element in Hm = Hm(R2) is a compact operator from Hm

to L2 = L2(R2) with m > 1; while this result is often used in linear stability analysis (cf. Kapitula and

Promislow [50, Theorem 3.1.11]), we present a proof here for completeness.

Lemma B.1. Suppose that f ∈ Hm with m > 1. The mapping u 7→ f u is a compact operator Hm → L2.

Proof. Let {un} be bounded in Hm, so that {f un} is weakly convergent in Hm. Denote its weak limit by

g and note that f un → g (up to subsequences) in L2(BC) for any C > 0, where BC denotes the unit ball of

radius C about the origin. Then, we obtain

∥f un − g∥2L2 =

∫
|x|≤C

|f(x)un(x)− g(x)|2 dx+

∫
|x|>C

|f(x)un(x)− g(x)|2 dx,

≤ ∥f un − g∥2L2(BC) + ∥un∥2∞ ∥f∥2L2(R2\BC) + ∥g∥2L2(R2\BC),

≤ ε2,
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for sufficiently large n. First choose C sufficiently large such that the second and third terms are each less

than ε2

4 , using the fact that ∥un∥∞ is uniformly bounded since Hm is continuously embedded in L∞. It

follows that there exists some constant N = N(C) > 0 such that the first term is less than ε2

2 for all n > N ,

since f un → g in L2(BC).

Additionally, we prove Lemma 2.3, characterising the eigenvalues and eigenfunctions of the linear eigenvalue

problem (2.3). For the sake of readability, we first restate the lemma as originally presented in Section 2.2.

Lemma 2.3. Fix R > 0 and ε > 0. The eigenvalue problem (2.3) possesses a solution u = uk ∈ H4
e given

by uk(r cos θ, r sin θ) = vk(r) cos(kθ) with

vk(r) =


cos(ϕ+ ψ)

Jk(α+ r)

Jk(α+R)
+ cos(ϕ− ψ)

Jk(α− r)

Jk(α−R)
, r < R,

√
2

√
1− λ̃Re

(
eiϕ

H
(1)
k (βr)

H
(1)
k (βR)

)
, r > R,

where α± :=

√
1± ε

√
1− λ̃, β :=

√
1 + i ε

√
1 + λ̃; Jk, H

(1)
k are the k’th order Bessel functions of the first

and third kind; ψ is given by ψ = 1
2 sin

−1(λ̃) + π
4 ; ϕ is given by

e2iϕ = i e−i sin−1(λ̃)W [Jk(α+r), H
(1)
k (βr)](R)H

(1)
k (βR)

W [Jk(α+r),H
(1)
k (βr)](R)H

(1)
k (βR)

;

W [·, ·] denotes the weighted Wronskian function given by

W [u, v](r) := r (u(r) v′(r)− u′(r) v(r)) ;

and λ̃ = λ̃(R, ε) satisfies

Fk(R, ε, λ̃) = Re
[
ei sin

−1(λ̃)W [Jk(α+r),H
(1)
k (βr)](R)W [Jk(α−r), H

(1)
k (βr)](R)

]
= 0

with λ̃ /∈ (−∞,−1].

Proof of Lemma 2.3. We first decompose u into an angular Fourier expansion

u(r cos θ, r sin θ) = u0(r) +

∞∑
k=1

uk(r) cos(kθ),

with uk ∈ H4
(k)((0,∞)) as defined by Groves and Hill [32] for each k ∈ N0. The linear problem (2.3) then

becomes

λ̃ ε2uk = −(1 +D1−kDk)2uk − ε2uk + 2 ε2 V (r)uk, ∀ k ∈ N0,

where we use the Bessel differential operators Dk := ∂r+
k
r also introduced in [32]. For notational simplicity,

we also define the k-index Laplace operator as ∆k := D1−kDk = ∂2r +
1
r∂r − (kr )

2. We seek solutions to (2.3)

for an arbitrary k ∈ N0; to do this, we construct real bounded solutions on the disjoint regions r < R and

r > R and match these functions at the discontinuity point r = R.

In both regions r < R and r > R, the linear problem (2.3) can be written as

0 = −(1 + ∆k)
2uk + µuk

for some µ ∈ R, which has a general solution of the form

uk = Ã1Jk(ν+ r) + Ã2Jk(ν− r) + Ã3Yk(ν+ r) + Ã4Yk(ν− r), ν± :=
√
1±√

µ,
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where Jk, Yk are k’th order Bessel functions of the first and second kind. Hence, any real bounded solution

uk of (2.3) takes the form

uk =

{
A1Jk(α+ r) +A2Jk(α− r), r < R,

A3H
(1)
k (βr) +A3H

(1)
k (βr), r > R,

with A1, A2 ∈ R and A3 ∈ C, where α± =

√
1± ε

√
1− λ̃, β =

√
1 + iε

√
1 + λ̃, and H

(1)
k is the k’th order

Hankel function, given by

H
(1)
k (x) = Jk(x) + iYk(x).

We decompose λ̃ and β into their real and imaginary parts, which we denote as λR, λI and βR, βI , respectively.

The Hankel function H
(1)
k then satisfies the following asymptotic behaviour

H
(1)
k (β r) =

√
2

πβ r
ei(β r−

(2k+1)π
4 )

(
1 +O(r−1)

)
,

=

√
2

πβ r
e−βI r ei(βR r− (2k+1)π

4 ) (1 +O(r−1)
)
,

for r ≫ 1 and, using the formula
√
z =

√
|z| z+|z|

|z+|z|| for any z ∈ C, we note that

βI =
ε
√
(1 + λR) +

√
(1 + λR)2 + λ2I

2

√
1− ε λI√

2
√

(1+λR)+
√

(1+λR)2+λ2
I

+
√

1 + ε2
√
(1 + λR)2 + λ2I −

√
2 ε λI√

(1+λR)+
√

(1+λR)2+λ2
I

.

Hence, we observe that βI > 0 if and only if 1+λR+
√
(1 + λR)2 + λ2I > 0, and so λ̃ /∈ (−∞,−1] implies that

bounded solutions uk to the linear problem (2.3) exhibit exponential radial decay and thus lie in H4
(k)(0,∞).

In order that a piecewise solution consisting of u− for r < R and u+ for r > R is at least C3 at r = R, the

following matching conditions

u−(R) = u+(R), Dku−(R) = Dku+(R),
∆ku−(R) = ∆ku+(R), Dk∆ku−(R) = Dk∆ku+(R),

must be satisfied. Hence, the constants A1, A2, A3 must satisfy

A1u1(R) +A2u2(R) = A3u3(R) +A3 u3(R),

A1Dku1(R) +A2Dku2(R) = A3Dku3(R) +A3 Dku3(R),
A1∆ku1(R) +A2∆ku2(R) = A3∆ku3(R) +A3 ∆ku3(R),

A1Dk∆ku1(R) +A2Dk∆ku2(R) = A3Dk∆ku3(R) +A3 Dk∆ku3(R),

where we have defined u1(r) = Jk(α+ r), u2(r) = Jk(α− r) and u3(r) = H
(1)
k (βr). Since the Helmholtz

equation ∆kZk(µr) = −µ2Zk(µr) is satisfied for Zk ∈ {Jk, Yk, H(1)
k }, we obtain

A1u1(R) +A2u2(R) = A3u3(R) +A3 u3(R),

A1Dku1(R) +A2Dku2(R) = A3Dku3(R) +A3 Dku3(R),

A1u1(R)−A2u2(R) = i
√

1+λ̃
1−λ̃

(
A3u3(R)−A3 u3(R)

)
,

A1Dku1(R)−A2Dku2(R) = i
√

1+λ̃
1−λ̃

(
A3Dku3(R)−A3 Dku3(R)

)
,

which simplifies to

A1 =
ρ eiψ A3u3(R) + ρ e−iψ A3 u3(R)

u1(R)
, A2 =

ρ e−iψ A3u3(R) + ρ eiψ A3 u3(R)

u2(R)
,
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and
0 = eiψA3W [u1, u3](R) + e−iψA3W [u1, u3](R),

0 = e−iψA3W [u2, u3](R) + eiψA3W [u2, u3](R),

where we recall that

W [u, v](r) = r (u(r) v′(r)− v(r)u′(r)) = r (u(r)Dkv(r)− v(r)Dku(r)) ,

and we have defined

ρ =
1

√
2
√

1− λ̃
, eiψ =

1√
2

(√
1− λ̃+ i

√
1 + λ̃

)
.

Since the linear solution is defined up to a constant, we set A3 = eiϕ 1
2ρ u3(R) and obtain

uk =


cos(ϕ+ ψ)

Jk(α+ r)

Jk(α+R)
+ cos(ϕ− ψ)

Jk(α− r)

Jk(α−R)
, r < R,

1

ρ
Re

(
eiϕ

H
(1)
k (βr)

H
(1)
k (βR)

)
, r > R,

with ϕ given by

e2iϕ = − e−2iψW [u1, u3](R)u3(R)

W [u1, u3](R)u3(R)
= −e2iψ

W [u2, u3](R)u3(R)

W [u2, u3](R)u3(R)
,

and where R, ε, λ̃ satisfy

Fk(R, ε, λ̃) =
1
2i

[
ei2ψW [u1, u3](R)W [u2, u3](R)− e−i2ψW [u1, u3](R)W [u2, u3](R)

]
,

= Im
[
ei2ψW [u1, u3](R)W [u2, u3](R)

]
= 0.

It follows from explicit calculations that

ei2ψ =
1

2

(√
1− λ̃+ i

√
1 + λ̃

)2

= i

(√
1− λ̃2 + i λ̃

)
= i ei sin

−1(λ̃)

and so

Fk(R, ε, λ̃) = Re
[
ei sin

−1(λ̃)W [u1, u3](R)W [u2, u3](R)
]
.

B.1 Pre-compactness of solution branches

In this section we attempt to prove that alternative IV in Theorem 3.9 does not occur; that is, branches

of solutions to (1.3) do not lose compactness for ε > 0. For the remainder of this section we consider the

following equation

Lε u = Vε u+ fε(u), (B.1)

where ε > 0 is a fixed parameter, u ∈ H2m(Rd) with m > d/4, and fε is some real-analytic function that

satisfies fε(0) = f ′ε(0) = 0 and may depend on the parameter ε. The linear operator Lε : H2m(Rd) → L2(Rd)
and potential function Vε = Vε(x) are assumed to satisfy the following properties:

• Lε : H2m(Rd) → L2(Rd) is defined as a Fourier multiplier, such that F [Lεu](k) = ℓε(k)F [u](k), where

there exists some dε > 0 such that the Fourier symbols ℓε satisfies

ℓε(k) ≥ dε for all k ∈ Rd, |ℓε(k)| = O(|k|2m) as |k| → ∞.
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• Vε ∈ L∞(Rd) and satisfies the following decay condition; for any δ > 0 there is some T > 0 such that

|Vε(x)| ≤ δ for all |x| > T .

We emphasise that both the Swift-Hohenberg equation (1.2) and the more general PDE (1.1) satisfy the

above assumptions for Lε and Vε, and so we can apply any results for (B.1) directly to (1.3).

We now prove that the global solution curve of an axisymmetric solution to (B.1) does not lose compactness.

Note that in the following proof, with slight abuse of notation, we use X2m
0 to denote the subspace of radially

symmetric functions in H2m(Rd).

Lemma B.2. Let C ⊂ X2m
0 be a global bifurcation curve for a localised axisymmetric solution to (B.1).

Then, alternative IV in Theorem 3.9 cannot occur.

Proof. Let {un} be a bounded sequence in X2m
0 of solutions to (B.1) and hence weakly convergent to some

u ∈ X2m
0 . We note that un → u (up to subsequences) in L2(BT ) for any T > 0, where BT denotes the unit

ball of radius T about the origin.

By Strauss’ radial lemma [72, Lemma 1], there exists a constant c1 > 0 such that

|u(x)| ≤ c1 |x|−
(d−1)

2 ∥u∥H1(Rd) (B.2)

holds for all u ∈ X1
0 . The condition that fε satisfies fε(0) = f ′ε(0) = 0 also implies that

|fε(u)| ≤ c2|u|α+1

for all u ∈ H2m(Rd) and some α > 0, where the constant c2 > 0 is uniformly bounded in H2m(Rd) (since

∥u∥L∞ is uniformly bounded). In particular, coupled with the uniform decay estimate (B.2), it follows that

|fε(u(x))| ≤ c2|u(x)|α |u(x)| ≤ cα1 c2 ∥u∥αH1(Rd)T
− (d−1)α

2 |u(x)|, for all |x| ≥ T

and so

∥fε(u)∥2L2(Rd\BT ) ≤ c2α1 c22 ∥u∥2αH1(Rd)∥u∥
2
L2(Rd) T

−(d−1)α.

To prove that un → u strongly in H2m(Rd), we note that Lε : H2m(Rd) → L2(Rd) is an isomorphism with

∥u∥H2m(Rd) ≤ sup
k∈Rd

(
(1 + |k|2)m

ℓε(k)

)
∥Lεu∥L2(Rd) =: Cε ∥Lεu∥L2(Rd)

for all u ∈ H2m(Rd). It thus follows that

∥u− un∥2H2m(Rd) ≤ C2
ε ∥Lε(u− un)∥2L2(Rd),

= C2
ε

[
∥Lε(u− un)∥2L2(BT ) + ∥Lε(u− un)∥2L2(Rd\BT )

]
,

≤ C2
ε

[
∥Vε∥2L∞ ∥u− un∥2L2(BT ) + ∥fε(u)− fε(un)∥2L2(BT )

]
+ 2C2

ε

[
∥Vεu∥2L2(Rd\BT ) + ∥Vεun∥2L2(Rd\BT )

]
+ 2C2

ε

[
∥fε(u)∥2L2(Rd\BT ) + ∥fε(un)∥2L2(Rd\BT )

]
,

≤ C2
ε

[
∥Vε∥2L∞ ∥u− un∥2L2(BT ) + ∥fε(u)− fε(un)∥2L2(BT )

]
+ 2C2

ε

[
∥u∥2L2(Rd) + ∥un∥2L2(Rd)

]
δ2

+ 2c2α1 c22C
2
ε

[
∥u∥2αH1(Rd)∥u∥

2
L2(Rd) + ∥un∥2αH1(Rd)∥un∥

2
L2(Rd)

]
T−(d−1)α,

≤ κ,
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for any κ > 0. The final step follows by choosing T sufficiently large so that T−(d−1)α and δ2 are both

arbitrarily small, and then choosing N = N(T ) > 0 so that the first two terms are arbitrarily small for all

n > N (where we use that the each coefficient is uniformly bounded in H2m(Rd), un → u strongly in L2(BT )

for any T > 0, and fε is at least continuous).

The main difficulty in extending Lemma B.2 beyond axisymmetric solutions lies in reproducing the uniform

decay estimate provided by Strauss’ radial lemma. Categorising the uniform decay in general for u ∈ H1(Rd)
is significantly more difficult, as such functions are invariant under spatial translations and so we cannot

expect that an estimate of the form (B.2) holds for all u ∈ H1(Rd).

We present a slightly different formulation of Strauss’ radial lemma for the special case d = 2, which now

holds for all u ∈ H1(R2).

Lemma B.3. Fix k ∈ Z, suppose u ∈ H1(R2), and define uk ∈ H1(R2) to be the mode-k component of u,

given by

uk(x) =
1

2π

∫ 2π

0

u(Rθx) e
−ikθ dθ,

where Rθ denotes the standard rotation matrix in R2 about an angle θ ∈ [0, 2π). Then, there exists a constant

C > 0 such that the inequalities

|uk(x)| ≤ (2π)−
1
2 C |x|− 1

2 ∥uk∥H1(R2),

∫ 2π

0

|u(Rθx)|2 dθ ≤ C2 |x|−1 ∥u∥2H1(R2),

hold for all x ∈ R2. In particular, the constant C is given by C = (maxs≥0{s I0(s)K0(s)})
1
2 .

Proof. We begin by noting that any u ∈ H1(R2) can be expressed via the modal decomposition

u =
∑
k∈Z

uk, (B.3)

where the infinite sum converges in H1(R2) such that we can write∑
k∈Z

∥uk∥2H1(R2) = ∥u∥2H1(R2).

We note that the mode-k function uk satisfies the following identities

uk(r cos θ, r sin θ) = eikθûk(r), F [uk](ρ cosω, ρ sinω) = i−keikωHk[ûk](ρ),

where ûk is termed the radial coefficient of uk (cf. Groves and Hill [32]), and Hk denotes the k-index Hankel

transform given by

Hk[ûk](ρ) =

∫ ∞

0

Jk(ρ r) ûk(r) r dr.

The Hankel transform is self-inverse, and so we obtain the following estimate

|uk(x)| = |ûk(|x|)|,

=

∣∣∣∣∫ ∞

0

Jk(|x| ρ)Hk[ûk](ρ) ρdρ

∣∣∣∣ ,
≤
(

1

2π

∫ ∞

0

|Jk(|x| ρ)|2

(1 + ρ2)
ρ dρ

) 1
2
(
2π

∫ ∞

0

(1 + ρ2) |Hk[ûk](ρ)|2 ρ dρ
) 1

2

,

=

(
1

2π
Ik(|x|)Kk(|x|)

) 1
2
(∫

R2

(1 + |ξ|2) |F [uk](ξ)|2 dξ
) 1

2

,

≤ (2π)−
1
2

(
max
s≥0

{s I0(s)K0(s)}
) 1

2

|x|− 1
2 ∥uk∥H1(R2).
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The last step follows from the fact that the function r 7→ rIk(r)Kk(r) converges to
1
2 as r → ∞ for all k ∈ Z,

is monotone increasing for all k ∈ Z\{0}, and is continuous and converges to 0 as r → 0 for k = 0. Hence

we have derived the Strauss-type decay estimate

|uk(x)| ≤ (2π)−
1
2 C |x|− 1

2 ∥uk∥H1(R2). (B.4)

We note that the modal decomposition (B.3) yields the following Fourier expansion for u(Rθ ·)

u(Rθ ·) =
∑
k∈Z

eikθ uk,

and so applying Parseval’s identity yields

1

2π

∫ 2π

0

|u(Rθx)|2 dθ =
∑
k∈Z

|uk(x)|2.

Applying the Strauss-type estimate (B.4) for each k ∈ Z, we obtain∫ 2π

0

|u(Rθx)|2 dθ ≤
∑
k∈Z

C2 |x|−1∥uk∥2H1(R2) = C2 |x|−1∥u∥2H1(R2)

where the last step follows from theH1-convergence of (B.3) (which implies that the infinite sum in Parseval’s

identity converges uniformly, due to the Weierstrass M-test).

While this lemma provides an equivalent decay rate to that found by Strauss in the axisymmetric case, the

result does not provide a uniform decay estimate for u ∈ H1(R2) but rather on the spherical mean of u. This

avoids the problem of translational invariance in H1(R2), but means that we are unable to simply apply the

same argument as in the proof of Lemma B.2. In particular, we require an estimate of the form∫ 2π

0

|u(Rθx)|2(1+α) dθ ≤ c21 ρ(T )

∫ 2π

0

|u(Rθx)|2 dθ for all |x| > T ,

where ρ is some function that satisfies ρ(T ) → 0 as T → ∞. If such an estimate can be obtained, then

the pre-compactness of the global branches would follow identically to the axisymmetric case presented in

Lemma B.2.

Remark B.4. We expect that all bifurcating solutions u ∈ H2m(Rd) to (B.1) decay at an exponential rate as

|x| → ∞. One can characterise this decay property via radial exponential dichotomies (as recently developed

by Beck, Goh & Haslam-Hyde [7]) or by studying the associated Green’s function of Lε (where one can

use Paley–Wiener theory to characterise the decay of a general Fourier symbol ℓε, such as in the work of

Arnesen [1] for one-dimensional Green’s functions). However, in both of these approaches it remains difficult

to obtain the uniform exponential decay rates required in order to prove compactness.
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[20] A. Constantin, W. Strauss, and E. Vărvărucă. Global bifurcation of steady gravity water waves with

critical layers. Acta Math., 217(2):195–262, 2016.

[21] M. G. Crandall and P. H. Rabinowitz. Bifurcation from simple eigenvalues. J. Funct. Anal., 8(2):321–

340, 1971.

[22] E. N. Dancer. Global structure of the solutions of non-linear real analytic eigenvalue problems. Proc.

London Math. Soc., s3-27(4):747–765, 1973.

[23] G. Derks, A. Doelman, C. J. K. Knight, and H. Susanto. Pinned fluxons in a Josephson junction with

a finite-length inhomogeneity. European J. Appl. Math., 23(2):201–244, 2012.

28



[24] A. Doak, K. Matthies, J. Sewell, and M. H. Wheeler. Large-amplitude periodic solutions to the steady

Euler equations with piecewise constant vorticity. Stud. Appl. Math., 156(1):e70163, 2026.

[25] A. Doelman, P. van Heijster, and J. Shen. Pulse dynamics in reaction-diffusion equations with strong

spatially localized impurities. Philos. Trans. Roy. Soc. A, 376(2117):20170183, 20, 2018.

[26] A. Doelman, P. van Heijster, and F. Xie. A geometric approach to stationary defect solutions in one

space dimension. SIAM J. Appl. Dyn. Syst., 15(2):655–712, 2016.

[27] H. Fujii and Y. Nishiura. Global bifurcation diagram in nonlinear diffusion systems. In H. Fujita, P. D.

Lax, and G. Strang, editors, Nonlinear Partial Differential Equations in Applied Science; Proceedings of

The U.S.-Japan Seminar, Tokyo, 1982, volume 81 of North-Holland Mathematics Studies, pages 17–35.

North-Holland, 1983.

[28] C. Garcia-Azpeitia, Z. Ghanem, and W. Krawcewicz. Global bifurcation of spiral wave solutions to the

complex Ginzburg–Landau equation, 2025. arXiv preprint.

[29] R. Goh, T. J. Kaper, and A. Scheel. Pitchfork bifurcation along a slow parameter ramp: coherent

structures in the critical scaling. Stud. Appl. Math., 153(2):Paper No. e12702, 21, 2024.

[30] R. Goh and A. Scheel. Pattern-forming fronts in a Swift-Hohenberg equation with directional

quenching—parallel and oblique stripes. J. Lond. Math. Soc. (2), 98(1):104–128, 2018.

[31] R. Goh and A. Scheel. Growing patterns. Nonlinearity, 36(10):R1–R51, 2023.

[32] M. D. Groves and D. J. Hill. On function spaces for radial functions, 2024. arXiv preprint.

[33] M. D. Groves and J. Horn. Small-amplitude static periodic patterns at a fluid–ferrofluid interface. Proc.

R. Soc. A, 474(2216):20180038, 2018.

[34] S. V. Haziot, V. M. Hur, W. A. Strauss, J. F. Toland, E. Wahlén, S. Walsh, and M. H. Wheeler.

Traveling water waves—the ebb and flow of two centuries. Quart. Appl. Math., 80(2):317–401, 2022.

[35] S. V. Haziot and M. H. Wheeler. Large-amplitude steady solitary water waves with constant vorticity.

Arch. Rat. Mech. Anal., 247(2):27, Mar 2023.

[36] D. J. Hill. Predicting the emergence of localised dihedral patterns in models for dryland vegetation. J.

Nonlinear Sci., 34(4):67, May 2024.

[37] D. J. Hill. The role of spatial dimension in the emergence of localized radial patterns from a Turing

instability. Proc. R. Soc. A, 480(2304):20240400, 12 2024.

[38] D. J. Hill, J. J. Bramburger, and D. J. B. Lloyd. Approximate localised dihedral patterns near a Turing

instability. Nonlinearity, 36(5):2567–2630, 2023.

[39] D. J. Hill, J. J. Bramburger, and D. J. B. Lloyd. Dihedral rings of patterns emerging from a Turing

bifurcation. Nonlinearity, 37(3):035015, 39, 2024.

[40] D. J. Hill and D. J. B. Lloyd. Radial amplitude equations for fully localized planar patterns. SIAM J.

Appl. Math., 84(6):2590–2611, 2024.

[41] D. J. Hill, D. J. B. Lloyd, and M. R. Turner. Localised radial patterns on the surface of a ferrofluid. J.

Nonlinear Sci., 31(79), 2021.

[42] D. J. Hill, D. J. B. Lloyd, and M. R. Turner. Spatially_Varying_SH, 2025. Github repository,

https://github.com/Dan-Hill95/Spatially_Varying_SH.

29

https://github.com/Dan-Hill95/Spatially_Varying_SH
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