Positivity and the attractor dimension in a fourth order reaction-diffusion equation

M.V. Bartuccelli^∗, S.A. Gourley^∗, A.A. Ilyin^{∗∗} ∗ Department of Mathematics and Statistics University of Surrey, Guildford GU2 7XH, England ∗∗ Keldysh Institute of Applied Mathematics, 4 Miusskaya Square, Moscow, 125047 Russia

Abstract: In this paper we investigate the semilinear partial differential equation u_t = −αu_{xxxx} − u_{xx} + u(1 − u^2) with a view particularly to obtaining some insight into how one might establish positivity preservation results for equations containing fourth order spatial derivatives. The maximum principle cannot be applied to such equations. However, progress can be made by employing some very recent ‘best possible’ interpolation inequalities due to A.A. Ilyin, in which the interpolation constants are both explicitly known and sharp. These are used to estimate the L^∞ distance between u and 1 during the evolution. A positivity preservation result can be obtained under certain restrictions on the initial datum. We also establish an explicit two-sided estimate for the fractal dimension of the attractor which is sharp in terms of the physical parameters.

Short title: Fourth order reaction-diffusion equation.

Keywords: Interpolation Inequalities, Positivity, Attractors, Fractal Dimension.

All correspondence to Dr. S.A. Gourley Department of Mathematics and Statistics, University of Surrey, Guildford GU2 7XH. E-mail: s.gourley@eim.surrey.ac.uk Phone: 01483 300800 ext 2639 Fax: 01483 876071

1 Introduction

Partial differential equations are frequently used as mathematical models for the evolution of some physical or biological quantity which is positive, such as a population. A realistic mathematical model for such a process should have a positivity preserving property, i.e., if the solution starts positive, it should stay positive. For example, in many of the mathematical models used in population dynamics the highest order spatial derivative term is a Laplacian term. Establishing a positivity preservation result for such a model equation or system is usually a matter of applying the maximum principle (Protter & Weinberger 1984) or some related result such as invariant set theory for reaction-diffusion systems (Grindrod 1991).

However, the mathematical modelling of some processes involves the use of higher order spatial derivatives and in such cases the maximum principle cannot be used. In such cases positivity preservation is extremely difficult to establish and, in fact, may not hold for arbitrary positive initial data. However, one example for which positivity preservation is believed to hold is the equation w_t = −w_{xxxx} + ( w^2_x w ) xx (1.1)

under periodic boundary conditions, which arises in the study of interface fluctuations and has been considered by Bleher et al (1994). Actually, these authors were not able to rigorously establish positivity preservation for arbitrary positive initial data, but they did establish a sharp connection between positivity preservation and global existence. They argued that positivity preservation probably does hold since (1.1) is the scaling limit of a positivity preserving discrete recursion. Also, they were able to show that solutions do remain positive under various restrictions on the initial data.

Other important contributions to the study of positivity in high order equations are described in Bernis & Friedman (1990), Dal Passo et al (1988) and Bartuccelli et al (1998a,b) and the references therein.

In general, fourth order equations do not exhibit positivity preservation without some restriction on the initial data beyond the requirement that it be positive. And, even then, the establishment of really useful positivity theorems for such equations is a deep and challenging problem. The same applies to proving results on global convergence. In reaction-diffusion equations with only the Laplacian term, comparison theorems are frequently used for this purpose, but these rely on the maximum principle.

In this paper we shall discuss global convergence, positivity and the fractal dimension of the attractor for the partial differential equation

u_t = −αu_{xxxx} − u_{xx} + u(1 − u^2) (1.2)

for x ∈ [0, L], t > 0, subject to the initial condition u(x, 0) = u_0(x) and periodic boundary conditions at the ends x = 0, L. The parameter α is positive. Equation (1.2) is a generalisation of the well-known KPP equation (Peletier & Troy 1996, Ashwin et al 2001) which is used in population dynamics. The ideas to be described in this paper should also be applicable to other equations with high order spatial derivatives and with polynomial nonlinearities. For example, in Bartuccelli et al (1998a,b) some progress is made but in these papers positivity is only established for sufficiently large times t, leaving open the possibility that the solution may go negative during the transients. In the present paper our positivity result is for all times t.

Our strategy for studying positivity involves centering the equation on the uniform steady state solution u ≡ 1 and then showing that, under some restrictions on the initial data and the parameters α and L, solutions of the transformed equation are bounded, in absolute value, by 1. To show this we use ideas of energy methods together with some very recent interpolation inequalities due to Ilyin (1998), in which the interpolation constants are explicitly known and are the best possible. This strategy can also be employed to show (under certain other conditions) that solutions of (1.2) converge to u = 1, uniformly for x ∈ [0, L].

We introduce v(x, t), defined by

u(x, t) = 1 + v(x, t) (1.3)

where u satisfies (1.2). If we can show that v(x, t) satisfies

‖v(·, t)‖_∞ ≤ 1 for all t (1.4)

where ‖v(· , t)‖_∞ = sup_{x∈[0,L]} |v(x, t)| then u(·, t) is a nonnegative function for all t. If we can show that ‖v(·, t)‖_∞ → 0 as t → ∞ then we have uniform convergence.

2 Convergence

In this section we establish a convergence result for (1.2). A linearised analysis shows that the u = 1 solution of (1.2) is unstable when α < 1/8 and the domain length L is sufficiently large. For (nonlinear) stability of u = 1, the condition on α that emerges from our analysis is α > 1/4, as we shall show. We introduce the time-dependent quantities J_n := ‖ ‖ ‖ ‖ ‖ ∂^nv ∂x^n ‖ ‖ ‖ ‖ ‖ 2

2 = ∫_L 0 ( ∂^nv ∂x^n )_2

dx (2.1)

where v denotes the function defined by (1.3).

Substituting (1.3) into (1.2) we obtain for v the equation

v_t = − α v_{xxxx} − v_{xx} − 2v − 3v^2 − v^3. (2.2)

Our aim is now to find conditions which will ensure that ‖v‖_∞ → 0 as t → ∞ which establishes uniform convergence of solutions of (1.2) to the u = 1 solution thereof.

We first obtain appropriate estimates for the L^2-norm of the solution of (2.2) and also of its derivative ∂v/∂x. Using these estimates together with a new interpolation inequality, we then estimate ‖v‖_∞ in a way that only involves the parameters of our equation and an interpolation constant whose value is explicitly known.

We start our analysis by investigating the evolution of the L^2-norm of the solution v of (2.2), namely J_0. Differentiating J_0 with respect to time and inserting the right hand side of (2.2) gives 1 2 J̇_0 = −αJ_2 + J_1 − 2J_0 − 3 ∫_L 0 v^3 dx − ∫_L 0 v^4 dx (2.3)

where the dot denotes differentiation with respect to time. The −αJ_2 and the J_1 terms have been obtained by integration by parts (notice that the integrated terms vanish since the boundary conditions are periodic).

By using J_1 ≤ J^{1/2}_2 J^{1/2}_0 ≤ α 2 J_2 + 1 2α J_0 and −3 ∫_L 0 v^3 dx ≤ 3‖v‖_∞ ∫_L 0 v^2 dx = 3‖v‖_∞J_0,

equation (2.3) becomes 1 2 J̇_0 ≤ −α 2 J_2 − ( 2 − 1 2α ) J_0 + 3‖v‖_∞J_0 − ∫_L 0 v^4 dx. (2.4)

Next, the term ‖v‖_∞ has to be estimated. To do this we shall use the following sharp interpolation inequality which is discussed in the Appendix (see (5.4), with l = 2):

‖v‖_∞ ≤ c J_2(v)^{18} J_0(v)^{38} + L^{− 12} J_0(v)^{12} , c = ( 4 27 )^1_8

. (2.5)

Also, by the Cauchy-Schwarz inequality, − ∫_L 0 v^4 dx ≤ −J^2_0 L^{−1}.

Using these estimates in (2.4) yields 1 2 J̇_0 ≤ −α 2 J_2 − ( 2 − 1 2α ) J_0 + 3cJ^{18}_2 J^{118}_0 + 3L^{− 12} J^{32}_0 − J^2_0 L^{−1}. (2.6)

Next, we use Young’s inequality to estimate 3cJ^{18}_2 J^{118}_0 as follows:

3cJ^{18}_2 J^{118}_0 = α^{18} J^{18}_2 3c α^18

J^{118}_0 ≤ 1 8 αJ_2 + 7 8 (3c)^87 α^17

J^{117}_0 so 1 2 J̇_0 ≤ −3α 8 J_2 − ( 2 − 1 2α ) J_0 + 7 8 (3c)^87 α^17

J^{117}_0 + 3L^{− 12} J^{32}_0 − J^2_0 L^{−1} ≤ − ( 2 − 1 2α ) J_0 + 7 8 (3c)^87 α^17

J^{117}_0 + 3L^{− 12} J^{32}_0 − J^2_0 L^{−1} (2.7) := f(J_0)

We need to study the solutions of the above differential inequality. By elementary theory they are bounded above by the solutions of the one-dimensional ODE J̇_0 = 2f(J_0). Note that the solutions of (2.2) certainly cannot all satisfy v → 0 as t → ∞ since this equation has uniform steady states v = −1 and v = −2 in addition to v = 0. These other states correspond to the uniform steady states u = 0 and u = −1 of (1.2). At these states we have J_0 = L and J_0 = 4L respectively and it is easily checked that f is positive at these values. In fact, provided α > 1/4, the function f is negative for J_0 small, and for J_0 large, and positive in some intermediate range. A sketch of its graph is given in Fig. 1, in which we have also depicted the behaviour of the solutions of the ODE J̇_0 = 2f(J_0) for various initial data. We may therefore state that if J_0(t = 0) < J^∗, where J^∗ is the smallest positive root of f(J) = 0, then J_0 → 0 as t → ∞. Sufficient conditions to ensure this are that J_0(t = 0) < 1 and 2 − 1 2α > 7 8 (3c)^87 α^17

(J_0(t = 0))^{47} + 3L^{− 12} (J_0(t = 0))^{12} . (2.8)

Figure 1 here

Our aim is to establish an estimate for ‖v‖_∞ with a view to proving that it tends to zero under some conditions. Estimating ‖v‖_∞ will be achieved by employing a certain inequality which will necessitate our having an estimate on J_1, where

J_1 = ∫_L 0 ( ∂v ∂x )_2 dx. It is easily seen that the evolution equation for J_1 is 1 2 J̇_1 = −αJ_3 + J_2 − 2J_1 − 6 ∫_L 0 vv^2_x dx − 3 ∫_L 0 v^2v^2_x dx (2.9)

and, after some manipulation, this becomes 1 2 J̇_1 ≤ −α 2 J_3 − ( 2 − 1 2α ) J_1 − 6 ∫_L 0 vv^2_x dx − 3 ∫_L 0 v^2v^2_x dx. (2.10)

Using the Cauchy-Schwarz inequality and then Young’s inequality we have −6 ∫_L 0 vv^2_x dx ≤ ( 6 ∫_L 0 v^2v^2_x dx

) 1_2

(6J_1)^{12} ≤ 3 ∫_L 0 v^2v^2_x dx + 3J_1,

thus 1 2 J̇_1 ≤ −α 2 J_3 + ( 1 + 1 2α ) J_1. (2.11)

By using the inequality −J_3 ≤ −

J^3_1 J^2_0

(see Bartuccelli et al (1993)) we have 1 2 J̇_1 ≤ −α 2 J^3_1 J^2_0 + ( 1 + 1 2α ) J_1. (2.12)

Taking into account that, under the previously stated conditions, J_0 → 0 as t → ∞, we find from (2.12) that

J_1(t) ≤ constant, for all t ≥ 0. (2.13)

From the Appendix (see (5.4) with l = 1) we have that

‖v‖_∞ ≤ J^{14}_1 J^{14}_0 + L^{− 12} J^{12}_0 → 0 as t → ∞ (2.14)

and therefore, from (1.3), that lim_{t→∞} u(x, t) = 1, uniformly in x.

We may summarise our findings in the following theorem, which gives a condition on the initial conditions which is sufficient for convergence. Of course, we have formulated this theorem in terms of the original state variable u. The existence of J^∗ is guaranteed by earlier remarks.

Theorem 1 If α > 1/4 and the initial data satisfies ∫_L 0 (u(x, 0) − 1)^2 dx < J^∗, where J^∗ is the smallest positive root of f(J) := − ( 2 − 1 2α ) J + 7 8 (3c)^87 α^17

J^{117} + 3L^{− 12} J^{32} − J^2L^{−1} = 0,

and c = (4/27)^{1/8}, then the solution u(x, t) of (1.2) satisfies

lim_{t→∞} u(x, t) = 1

uniformly for x ∈ [0, L].

Corollary 1 If the initial data satisfies ∫_L 0 (u(x, 0) − 1)^2 dx < 1 and 2 − 1 2α > 7 8 (3c)^87 α^17 (∫_L 0 (u(x, 0) − 1)^2 dx

) 4_7

+ 3L^{− 12} (∫_L 0 (u(x, 0) − 1)^2 dx

) 1_2

then the same conclusion holds.

3 Positivity of solutions

We have shown (theorem 1) that under certain restrictions on the L^2 norm of the initial datum, the solution of (1.2) converges uniformly to 1. The fact that the convergence is uniform enables us to further deduce that the solution must be positive for all t sufficiently large, but not necessarily for all t. Establishing a positivity preservation result along the lines that solutions which “start positive, stay positive” is a much more difficult problem for any fourth order problem since the maximum principle and related theorems do not apply and, furthermore, positivity preservation can only realistically be anticipated under some restriction on the initial datum.

In the previous section our strategy for proving convergence of the solution to 1 was to show that ‖u(·, t) − 1‖_∞ → 0 as t → ∞, and this was achieved by estimating ‖u(·, t) − 1‖_∞ using the best known interpolation inequalities available to date. By refining this strategy further our aim in this section is to show that under certain other restrictions on the initial data one can establish that, for all values of t (not just as t → ∞) ‖u(·, t) − 1‖_∞ ≤ 1.

If we can establish the above inequality, then we have that u(x, t) ≥ 0 for all x and t and, therefore, that we have positivity preservation. This strategy can be applied in principle to any other partial differential equation.

Some of the hypotheses of theorem 1 will still be needed, though we can relax some of the strict inequalities. We assume that α > 1/4 and that

J_0(t = 0) = ∫_L 0 (v(x, 0))^2 dx ≤ J^∗,

where J^∗ is as previously defined, and as labelled in Fig. 1. Under this assumption, we have that J_0(t) ≤ J^∗ for all t ≥ 0. (3.1)

We shall use this estimate in (2.12) to deduce that 1 2 J̇_1 ≤ −α 2 J^3_1 J^{∗2} + ( 1 + 1 2α ) J_1, (3.2)

which is an autonomous differential inequality, solutions of which will be bounded above by solutions of the corresponding differential equation. In particular it is easily seen that if J_1(t = 0) ≤ J^∗ √ 2 α + 1 α^2 then J_1(t) ≤ J^∗ √ 2 α + 1 α^2 for all t ≥ 0. (3.3)

Recall that u − 1 = v and that we have the interpolation inequality

‖v(·, t)‖_∞ ≤ J^{14}_1 J^{14}_0 + L^{− 12} J^{12}_0 (3.4)

so it is sufficient to show that the right hand side of (3.4) is bounded above by 1 for all t ≥ 0. In view of the bounds we have for J_0 and J_1, given by (3.1) and (3.3) respectively, it is therefore sufficient to show that

(J^∗)^{1/4} ( 2 α + 1 α^2 )_{1/8} (J^∗)^{1/4} + L^{−1/2}(J^∗)^{1/2} ≤ 1

or, equivalently, that J^∗ ≤ 1 ( (2/α + 1/α^2)^{1/8} + L^{−1/2}

)_2 . (3.5)

Recall that J^∗ is defined as the smallest positive root of f(J) = 0, where f(J) is the function defined in the statement of theorem 1. It is not immediately obvious that inequality (3.5) can be satisfied for any parameter combination. But, because of the properties of f(J) (see Fig. 1), the inequality will certainly be satisfied if

f 1 ( (2/α + 1/α^2)^{1/8} + L^{−1/2}

)_2 ≥ 0 and this is equivalent to G(α, L) ≥ 0 where

G(α, L) = − ( 2 − 1 2α ) (( 2/α + 1/α^2 )_{1/8} + L^{−1/2} )_2 + 7(3c) 8/7 8α^{1/7} (( 2/α + 1/α^2 )_{1/8} + L^{−1/2} )_{22/7} + 3 √ L (( 2/α + 1/α^2 )_{1/8} + L^{−1/2} )_3 − 1 L (( 2/α + 1/α^2 )_{1/8} + L^{−1/2} )_4

(3.6) and c = (4/27)^{1/8}. Extensive numerical investigations demonstrate that for any fixed value of L, G(α, L) is positive until α is extremely large and is then negative and tends to zero from below as α → ∞. Some asymptotic analysis confirms this; we can show that as α → ∞, G(α, L) ∼ 1 α^{1/8} ( −2^{1/8}L^{3/2} + 7 648 9^{6/7}(4^{1/8}27^{7/8})^{8/7}L^{11/7} 1 α^{1/56} ) . Of course, we always have to assume that α > 1/4. Therefore, what we have to assure ourselves of is that for any given reasonable L, there will always be a large range of values of α for which G(α, L) ≥ 0. This is certainly the case. For example if L = 1, either a numerical study of the equation G(α, L) = 0, or its asymptotic approximation as α → ∞, predicts that the value of α at which G(α, L) > 0 ceases to hold is of the order of 10^{18} !

We can now summarise our findings in the following theorem, formulated in terms of the original state variable u.

Theorem 2 Let α > 1/4 and let the initial data satisfy ∫_L 0 (u(x, 0) − 1)^2 dx ≤ J^∗,

where J^∗ is the smallest positive root of f(J) = 0 where f(J) is as in the statement of theorem 1. Assume that the initial data also satisfies ∫_L 0 ( ∂u ∂x (x, 0) )_2 dx ≤ J^∗ √ 2 α + 1 α^2 and assume that α and L are such that J^∗ ≤ 1 ( (2/α + 1/α^2)^{1/8} + L^{−1/2}

)_2 .

Then the solution u(x, t) of (1.2) satisfies u(x, t) ≥ 0 for all t ≥ 0 and all x ∈ [0, L].

Remark. One could inquire whether another positivity preservation theorem could be established by following through the above methodology but using J^{∗∗}, the larger of the two positive roots of f(J) = 0, rather than J^∗. This leads us to an inequality like (3.5) but with J^{∗∗} in place of J^∗. But unfortunately the resulting inequality is not satisfied by any parameter combination.

4 Attractors and their dimension

It will be convenient for us to rewrite equation (1.2) as

u_t = −αu_{xxxx} − βu_{xx} + λu − u^3, u(0) = u_0. (4.1)

Following Babin & Vishik (1989) (see section I.5) we can easily show that for each u_0 ∈ H, where H = L_2(0, L), and T > 0 the problem (4.1) has a unique solution u ∈ C([0, T ]; H) and the corresponding semigroup S_tu_0 = u(t) has a global attractor A ⊂ ⊂ H. In this section we derive a two-sided estimate of the fractal dimension of it. (See the necessary definitions in Babin & Vishik (1989), Temam (1997) and Chepyzhov & Ilyin (2001)). See also Constantin & Foias (1985) and Constantin et al (1988) where attractor dimensions are computed in other contexts.

It can be shown (see Babin & Vishik (1989)) that the semigroup S_tu is uniformly (quasi)differentiable on A in H and the differential is the solution operator of the first variation equation U_t = −αU_{xxxx} − βU_{xx} + λU − 3u(t)^2U ≡ L(u(t)) · U (4.2) corresponding to (4.1). Here u(t) = S_tu_0.

We recall from Temam (1997) that the sums of the first m global Lyapunov exponents (which we denote by q(m)) for the attractor A satisfy the estimate

q(m) ≤ lim sup_{t→∞} sup_{u0∈X} sup_{ξi∈H} i=1,...m ( 1 t ∫_t 0 Tr L(S_τ u_0) ∘ Q_m(τ)dτ ) , (4.3)

where Q_m(t) is the orthogonal projection in H onto Span(U_1(τ), . . . , U_m(τ)). Here the U_j are the solutions of the problem (4.2) with U_j (0) = ξ_j.

Therefore we have

Tr L(S_tu_0) ∘ Q_m(t) = −α m∑ i=1 (Δ^2φ_i, φ_i) − β m∑ i=1 (Δφ_i, φ_i)+ λ m∑ i=1 (φ_i, φ_i) − 3u(t)^2 m∑ i=1 (φ_i, φ_i) ≤ −α m∑ i=1 ‖Δφ_i‖^2 + β m∑ i=1 ‖∇φ_i‖^2 + λm, (4.4)

where the φ_i = φ_i(t) are an orthonormal basis in Span(U_1(t), . . . , U_m(t)).

Since ‖∇φ_i‖^2 ≤ ‖φ_i‖ ‖Δ φ_i‖ ≤ ε‖Δ φ_i‖^2 + (4ε)^{−1}‖φ_i‖^2 we set ε = α/(2β) and find that Tr L(S_tu_0) ∘ Q_m(t) ≤ α 2 m∑ i=1 ‖Δφ_i‖^2 + ( β^2 2α + λ ) m. Next, in view of the variational principle (see Temam (1997), Lemma VI.2.1), m∑ i=1 ‖Δ φ_i‖^2 ≥ m∑ i=1 λ_i, (4.5)

where the λ_i are the eigenvalues of the operator Δ^2 in H written in non-decreasing order. Obviously,

{λ_i}^∞_{i=1} = 0 ∪ { (2π/L)^4 i^4, (2π/L)^4 i^4 }_∞ i=1 . (4.6)

Therefore if we write m − 1 as m − 1 = 2k + p, where p = 0, 1, we find that m∑ i=1 λ_i = ( 2π L )_4 ( p k+1∑ i=1 i^4 + (2 − p) k∑ i=1 i^4 ) ≥

( 2π L )_4 1 5 ( p(k + 1)^5 + (2 − p)k^5 ) = ( 2π L )_4 2 5 ( p 2 (k + 1)^5 + 2 − p 2 k^5 ) ≥ ( 2π L )_4 2 5 ( k + p 2 )_5 = 1 5 ( π L )_4

(m − 1)^5 ,

where we used the inequality ∑_k i=1 i^4 ≥^1_5 k^5 and the fact that the function k → k^5 is convex.

Hence the numbers q(m) (see (4.3)) satisfy the following estimate: q(m) ≤ f(m) = − α 10 ( π L )_4

(m − 1)^5 + ( β^2 2α + λ ) m . (4.7)

The function f(m) is concave. Therefore, in view of the estimate of the fractal dimension established in Chepyzhov & Ilyin (2001) we have

dim_F A ≤ m_0, (4.8) where m_0 is the unique root of the equation f(m) = 0. (The condition that f(m) be concave is not necessary; see Ilyin (2000)). However, the root of the equation −(m − 1)^5 + Cm = 0, C ≫ 1 has the following asymptotics

m_0 = C^{14} + 5 4 + · · · , and for all C > 0 we have m_0 < C^14 +^5_4 . Therefore, by (4.8),

dim_F A ≤ 10^{14} L π ( β^2 2α^2 + λ α ) 1_4 + 5 4 . (4.9)

We now give a lower bound for the dimension of the attractor. We consider the stationary solution u = 0 and the corresponding linearized operator A u = −αu_{xxxx} − βu_{xx} + λu. (4.10) We shall find the number of unstable (positive) eigenvalues of A. Then this number is equal to the dimension of the unstable manifold of equation (4.1) passing through u = 0. Since this unstable manifold is contained in the attractor (Babin & Vishik 1989, section VI.4), we obtain the required lower bound. Since the spectrum of the operator A is known explicitly (see (4.6)), we see that the dimension of the unstable manifold is 2K + 1, where K is the number of positive integers k satisfying the inequality −α ( 2π L )_4

k^4 + β ( 2π L )_2

k^2 + λ > 0. (4.11) Therefore

2K + 1 = 2 L 2π β 2α + √ β^2 4α^2 + λ α 1 2 + 1, (4.12)

where [x] is the number of positive integers strictly less than x.

Combining (4.9) and (4.12) we finally obtain the following result. Theorem 2. Equation (1.2) with periodic boundary conditions has a global attractor whose fractal dimension satisfies the following two-sided estimate: 2 L 2π β 2α + √ β^2 4α^2 + λ α 1 2 + 1 ≤ dim_F A ≤ 10^{14} L π ( β^2 2α^2 + λ α ) 1_4 + 5 4 . (4.13)

Remark 1. We observe that estimate (4.13) is sharp in terms of the physical parameters in the sense that for all positive α, β, and λ the following inequality holds:

2^{14} ≥ (_β 2α + √_{β2} 4α^2 + λ α ) 1_2 (_{β2} 2α^2 + λ α ) 1_4 ≥ 1.

5 Appendix

In Ilyin (1998) the following inequality was proved:

‖u‖_∞ ≤ c(l)J_0(u)^{2l−14l} J_l(u)^{14l} , l > 1 2 , (5.1)

where c(l) = 1 (2l − 1)^{2l−1}2l sin^π_{2l} 1 2 , (5.2)

and u is a periodic function on [0, L] with zero average: L∫ 0 u(x) dx = 0. (5.3)

It was also shown in Ilyin (1998) that the constant c(l) in (5.1) is sharp and there are no non-trivial extremal functions for which inequality (5.1) becomes an equality.

Suppose now that ∫_L 0 u(x) dx ≠ 0 and u(x) = ū + u^′(x), where ū = const ≠ 0 and ∫_L 0 u^′(x) dx = 0. Then, using (5.1) and the inequality

|ū| = L^{−1} | | | | | L∫ 0 u(x) dx | | | | | ≤ L^{− 12} ‖u‖, we obtain

‖u‖_∞ ≤ |ū| + ‖u^′‖_∞ ≤ L^{− 12} J_0(u)^{12} + c(l)J_0(u)^{2l−14l} J_l(u)^{14l} . (5.4)

By substituting u = 1 in (5.4) we see that the constant L^{− 1}2 is sharp.

To see that the constant c(l) in (5.4) is sharp we set L = 2π and consider the sequence u_μ(x) = μ^{2l−1} ∞∑ n=1 cos nx μ^{2l} + n^{2l} and calculate all the three norms of u_μ as μ → ∞. We consider the case l = 1, the general case being completely analogous. For

u_μ(x) = μ ∞∑ n=1 cos nx μ^2 + n^2

we have

‖u_μ‖_∞ = u_μ(0) = μ ∞∑ n=1 1 μ^2 + n^2 = 1 μ ∞∑ n=1 1 1 + (n/μ)^2 → ∞∫ 0 dx 1 + x^2 = π 2 . (5.5)

We calculate J_0(u_μ) and J_1(u_μ) in the similar way. We have

μJ_0(u_μ) = μ^3π ∞∑ n=1 1 (μ^2 + n^2)^2 = 1 μ ∞∑ n=1 1 (1 + (n/μ)^2)^2 → π ∞∫ 0 dx (1 + x^2)^2 = π^2 4 (5.6) and μ^{−1}J_1(u_μ) = μπ ∞∑ n=1 n^2 (μ^2 + n^2)^2 = 1 μ ∞∑ n=1 (n/μ)^2 (1 + (n/μ)^2)^2 → π ∞∫ 0 x^2dx (1 + x^2)^2 = π^2 4 (5.7)

as μ → ∞. If we substitute asymptotic equalities (5.5), (5.6), and (5.7) into inequality (5.4), then we see that the constant c(1) = 1 in (5.4) is sharp.

Acknowledgements. The third-named author acknowledges partial financial support of the Russian Foundation for Fundamental Research (grants no. 97–01– 00541 and no. 99–01–01157) and the Research Promotion Initiative of the University of Surrey.

References

[1] Ashwin, P.B., Bartuccelli, M.V., Bridges, T.J. & Gourley, S.A. 2001 Travelling fronts for the KPP equation with spatio-temporal delay ZAMP (to appear).

[2] Babin, A.V. & Vishik, M.I. 1989 Attractors of evolution equations. (Moscow:

Nauka). English translation 1992 (Amsterdam: North-Holland).

[3] Bartuccelli, M.V., Doering, C.R., Gibbon, J.D. & Malham, S.J.A. 1993 Length Scales in Solutions of the Navier-Stokes Equations. Nonlinearity. 6, 549-568.

[4] Bartuccelli, M.V., Gourley, S.A. & Woolcock, C.J. 1998a Conditions For Positivity of Solutions of a Class of Dissipative Partial Differential Equations. Appl. Math. Lett. 11, No. 6, 71-74.

[5] Bartuccelli, M.V., Gourley, S.A. & Woolcock, C.J. 1998b Length Scales in Solutions of a Generalized Diffusion Model. Physica Scripta. 57, 9-19.

[6] Bernis, F. & Friedman, A. 1990 Higher Order Nonlinear Degenerate Parabolic Equations. J. Diff. Eqns. 83, 179-206.

[7] Bleher, P.M., Lebowitz, J.L. & Speer, E.R. 1994 Existence and Positivity of Solutions of a Fourth-Order Nonlinear PDE Describing Interface Fluctuations. Comm. Pure & Appl. Math. 47, 923-942.

[8] Chepyzhov, V.V. & Ilyin, A.A. 2001 A note on the fractal dimension of attractors of dissipative dynamical systems Nonlinear Analysis. (to appear).

[9] Constantin, P. & Foias, C. 1985 Global Lyapunov Exponents, Kaplan-Yorke Formulas and the Dimension of the Attractors for 2d Navier-Stokes Equations. Comm. Pure & Appl. Math. 38, 1-27.

[10] Constantin, P., Foias, C. & Temam, R. 1988 On the Dimension of the Attractors in Two-Dimensional Turbulence. Phys. D. 30, 284-296.

[11] Dal Passo, R., Garcke, H. & Grun, G. 1988 On a Fourth-Order Degenerate Parabolic Equation: Global Entropy Estimates, Existence and Qualitative Behaviour of Solutions. SIAM J. Math. Anal. 29, 321-342.

[12] Grindrod, P. 1991 Patterns and waves: the theory and applications of reactiondiffusion equations. Oxford Applied Mathematics & Computing Science Series.

[13] Ilyin, A.A. 1998 Best Constants in Multiplicative Inequalities for Sup-Norms. J.

Lond. Math. Soc. 58, 84-96.

[14] Ilyin, A.A. & Chepyzhov, V.V. 2000 On the fractal dimension of invariant sets;

applications to Navier-Stokes equations. Keldysh Institute of Applied Mathematics, Russian Academy of Sciences, preprint 22, (Russian).

[15] Peletier, L.A. & Troy, W.C. 1996 Chaotic spatial patterns described by the Extended Fisher-Kolmogorov equation J. Diff. Eqns. 129, 458-508.

[16] Protter, M.H. & Weinberger, H.F. 1984 Maximum principles in differential equations. Springer.

[17] Temam, R. 1997 Infinite dimensional dynamical systems in mechanics and physics. 2nd ed. Springer.

Figure Caption

Fig. 1. Qualitative sketch of the graph of f(J_0) against J_0, showing also the behaviour of the solutions of the ODE J̇_0 = 2f(J_0) for various initial data.